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WEAK SHARPNESS AND FINITE CONVERGENCE FOR MIXED VARIATIONAL
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Abstract. Weak sharp solutions of mixed variational inequalities are introduce and studied in Hilbert spaces. Several character-
izations of weak sharpness of solutions of mixed variational inequalities without using gap functions are given. It is proved that
sequences generated by an inexact proximal point algorithm terminate after a finite number of iterations for solutions of mixed
variational inequalities provided that their solution sets are weakly sharp. Examples are also given to illustrate our results.
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1. INTRODUCTION

The notion of weak sharp minina for a convex optimization problem was introduced by Ferris [13].
It is a generalization of the notion of sharp minima due to Polyak [30] (or strongly unique local min-
ima due to Cromme [12]) to include the case of a non-singleton solution set. This notion was later
extensively established by many authors because of its impact on sensitivity analysis, error bounds and
(finite) convergence analysis of a large number of optimization algorithms (see, e.g., [7, 8, 9, 10, 14, 18]
and the references therein). Inspired by the notion of weak sharp minima for optimization problems,
Patricksson [28] introduced the concept of weak sharp solutions for variational inequalities and studied
the finite convergence of approximation algorithms for solving monotone variational inequalities under
weak sharpness assumptions. Marcotte and Zhu [25] characterized weak sharpness of the solution set
of a variational inequality in term of its dual gap function and studied finite convergence of sequences
generated by some algorithms for solving variational inequalities under weak sharpness of the solu-
tion sets. Later, weak sharpness of solutions and its applications to the finite convergence property of
methods for finding solutions of varitional inequalities have been investigated by many authors (see, e.g.,
[3, 17, 23, 24, 26, 27, 32, 33, 34] and references therein). Some authors extended and established the con-
cept of weak sharp solutions to general variational inequalities, e.g., set-valued variational inequalities
[2, 31], variational-type inequalities [19], nonsmooth variational inequalities [4] and mixed variational
inequalities [16].
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Mixed variational inequalities (MVIs) was initially considered by Lescarret [22] and Browder [6] in
connection with it various applications in mathematical physics. Afterward, mixed variational inequality
problems and their applications to mathematical physics, engineering, economics, operations research,
electronics have extensively studied (see, e.g., [15, 20, 21, 29] and the references therein). It is known
that MVIs generalize both variational inequality problems and minimization problems. Moreover, the
first-order optimality conditions of a composite minimization problem are a particular case of mixed
variational inequality problems. We refer the reader to [11] for more optimization problems which can
be rewritten in the form of a mixed variational inequality.

In this paper, we will introduce the notion of weak sharpness for solutions of MVIs, establish several
characterizations and study finite convergence properties under weak sharpness assumptions. The weak
sharpness in this paper differs from the definition introduced by Huang and He in [16], in which the two
authors introduced and characterized weak sharpness of solutions of MVIs in term of gap functions in
the framework of Banach spaces. Our weak sharpness, which is a natural generalization, generalizes and
unifies those of variational inequalities and of convex optimization problems.

We organize this paper as follows. In the next section, we recall some known definitions and results
which will be used in the sequel. In Section 3, we first define the weak sharpness for solutions of MVIs
and provide several interesting examples in which the solution sets of MVIs are weakly sharp. We then
give several characterization results without using gap functions. These results generalize and improve
known results in the literature. Finally, we study the finite convergence property of sequences generated
by some algorithms for finding solutions of MVIs when the solution set is weakly sharp.

2. PRELIMINARIES

Let H be a Hilbert space with inner product 〈·, ·〉 and induced norm || · ||. Denote by R, R+ and R−
the set of real numbers, the set of nonnegative real numbers and the set of nonpositive real numbers,
respectively. We denote by B the open unit ball in H. For a given nonempty subset C of H, we denote by
intC and clC the interior and the closure of C, respectively. The polar cone C◦ of C is defined by

C◦ := {y ∈ H : 〈y,x〉 ≤ 0, ∀x ∈C}.

For a given x ∈ H, the distance from x to C is defined by d(x,C) := infy∈C ||y− x|| and the projection of
x onto C is defined by

PC(x) := {y ∈C : ||y− x||= d(x,C)}.

It is known that PC(x) is a singleton set if C is nonempty closed and convex. Note that the distance
function d(·,C) is a nonexpansive mapping, i.e., ‖d(x,C)−d(y,C)‖ ≤ ||x− y|| for all x,y ∈ H.

Let X be a nonempty closed convex subset of H. The tangent cone to X at a point x ∈ X is defined by

TX(x) := cl

(⋃
λ>0

X− x
λ

)
.

The normal cone to X at x ∈ X is defined by NX(x) := [TX(x)]◦, that is,

NX(x) = {ζ ∈ H : 〈ζ ,y− x〉 ≤ 0, ∀y ∈ X}.

Let f : H → R∪{+∞} be a proper, convex and lower semicontinuous function. The domain of f is
denoted by dom( f ) := {x ∈ H : f (x)<+∞}. For v ∈ H and x ∈ dom( f ), the directional derivative of f
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at x in the direction v is defined by

f ′(x,v) := lim
t→0+

f (x+ tv)− f (x)
t

.

The subdifferential of f at x ∈ dom( f ) is defined by

∂ f (x) := {ζ ∈ H : f (y)− f (x)≥ 〈ζ ,y− x〉, ∀y ∈ H}.

Definition 2.1. Let F : H → H be a mapping. Let θ : H → R be a function and let K be a subset of H.
The mapping F is said to be

(i) monotone on K if
〈F(x)−F(y),x− y〉 ≥ 0, ∀x,y ∈ K;

(ii) pseudomonotone on K if

〈F(x),y− x〉 ≥ 0 ⇒ 〈F(y),y− x〉 ≥ 0, ∀x,y ∈ K;

(iii) θ -pseudomonotone on K if

〈F(x),y− x〉+θ(y)−θ(x)≥ 0 ⇒ 〈F(y),y− x〉+θ(y)−θ(x)≥ 0, ∀x,y ∈ K.

Remark 2.1. It is obvious that if F is monotone on K, then it is pseudomotone and θ -pseudomonotone
on K. Pseudomononicity and θ -pseudomonotonicity on K of F are independent.

From now on, we assume that X is a closed convex subset of a Hilbert space H, F : H → H is
a mapping and θ : H → R is a continuous convex function on X . We consider the following mixed
variational inequality (MVI): Find x∗ ∈ X such that

〈F(x∗),x− x∗〉+θ(x)−θ(x∗)≥ 0, ∀x ∈ X . (2.1)

If θ is constant on X , then (2.1) is reduced to the classical variational inequality (VI): Find x∗ ∈ X such
that

〈F(x∗),x− x∗〉 ≥ 0, ∀x ∈ X . (2.2)

Consider the following composite minimization problem (CMP):

min
x∈X

Φ(x) := f (x)+θ(x), (2.3)

where f : H → R is a differentiable convex function. One can verify that the first-order optimality
conditions of (2.3) are a particular case of (2.1) with F = ∇ f . In particular, if F ≡ 0, then (2.1) is
reduced to the following convex minimization problem (MP):

min
x∈X

θ(x). (2.4)

For more optimization problems which can be rewritten in the form of mixed variational inequality (2.1),
we refer the reader to [11] and the references therein.

We also consider the dual mixed variational inequality (DMVI): Find x∗ ∈ X such that

〈F(x),x− x∗〉+θ(x)−θ(x∗)≥ 0, ∀x ∈ X . (2.5)

Denote by X∗ and X∗ the solution set of MVI (2.1) and of DMVI (2.5), respectively. We have the
following properties concerning X∗ and X∗ which are easily to prove.

Proposition 2.1. The following assertions hold:
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(i) If F is upper semicontinuous, then X∗ ⊂ X∗.
(ii) If F is θ -pseudomonotone, then X∗ is closed, convex and X∗ ⊂ X∗.

3. MAIN RESULTS

Burke and Ferris [7] introduced the notion of a weak sharp solution for a convex minimization problem
(P): minx∈X f (x), where f :Rn→R is a convex function and X is a nonempty convex subset of Rn. Recall
that the solution set X0 of the program (P) is weakly sharp if there exists a positive number α such that

f (x)≥ f (x̄)+αd(x,X0)

for all x̄ ∈ X0 and x ∈ X . It was proved in [7] that if f is a continuous differentiable convex function, X
and X0 are nonempty closed convex, then X0 is weakly sharp if and only if

−∇ f (x̄) ∈

(⋂
x∈X0

[TX(x)∩NX0(x)]
◦

)
, ∀x̄ ∈ X0. (3.1)

In the case that f is nondifferentiable, convex, X0 and X are nonempty closed convex, Burke and Ferris
[7] proved that X0 is weakly sharp if and only if there exists α > 0 such that

αB⊂ ∂ f (x̄)+ [TX(x̄)∩NX0(x̄)]
◦, ∀x̄ ∈ X0. (3.2)

Since variational inequality (2.2) lacks a ”natural” objective function, Patriksson [28] (see also [25])
defined the weak sharpness of the solution set X∗ of (2.2). X∗ is said to be weakly sharp if

−F(x∗) ∈ int

( ⋂
x∈X∗

[TX(x)∩NX∗(x)]◦
)
, ∀x∗ ∈ X∗. (3.3)

We are now in a position to define the weak sharpness of solutions of a mixed variational inequality
problem. Since variational inequality problem (2.2) and minimization problem (2.4) are special cases of
mixed variational inequality problem (2.1), it is natural to give a definition of weak sharpness of solutions
of (2.1), which generalizes and unifies (3.2) and (3.3). From now on, we always assume that the solution
set X∗ of (2.1) is nonempty closed and convex.

Definition 3.1. The solution set X∗ of the MVI (2.1) is said to be weakly sharp if, for any x∗ ∈ X∗,

−F(x∗) ∈ int

( ⋂
x∈X∗

(∂θ(x)+ [TX(x)∩NX∗(x)]◦)

)
. (3.4)

In other words, X∗ is weakly sharp if, for all x̄ ∈ X∗, there exists α > 0 such that

α clB⊂ F(x̄)+
⋂

x∗∈X∗
(∂θ(x∗)+ [TX(x∗)∩NX∗(x∗)]◦) . (3.5)

Remark 3.1. From the definition of weak sharpness of X∗, we can see that
(i) if θ is a constant function, then (3.4) is reduced to (3.3);
(ii) if F ≡ 0, then (3.4) is reduced to (3.2).

Remark 3.2. If F is a constant on X∗, then the weak sharpness of X∗ is equivalent to the existence of a
positive number α such that

α clB⊂ F(x∗)+∂θ(x∗)+ [TX(x∗)∩NX∗(x∗)]◦ for all x∗ ∈ X∗. (3.6)

We note that if (3.6) holds for some α > 0, then X∗ is weakly sharp in the sense of Huang and He [16].
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We now give some examples in which the solution set of MVI is weakly sharp.

Example 3.1. Let F : R3→ R3 and θ : R3→ R be defined by F(x) = (x1,x2,0) and θ(x) = x2
1 + x1 +

x2
2 +2x2 + x2

3 +3x3 for all x = (x1,x2,x3) ∈ R3 and X = R3
+.

It is easy to check that x∗ = (0,0,0) is the unique solution of MVI (2.1), i.e., X∗ = {(0,0,0)}. We can
compute that TX(x∗) = R3

+ and NX∗(x∗) = R3. Thus,

[TX(x)∩NX∗(x)]◦ =−R3
+.

We have

0 =−F(x∗) ∈ int

( ⋂
x∈X∗

(∂θ(x∗)+ [TX(x)∩NX∗(x)]◦)

)
= int

(
(1,2,3)−R3

+

)
,

i.e., X∗ is weakly sharp.

Example 3.2. Let H be a Hilbert space and let X = {x ∈H : ||x|| ≤ 5}. Let F : H→H be a nonnegative
definite operator on X , i.e., 〈F(x),x〉 ≥ 0 for all x ∈ X , with ||F(0)|| < 1, and let θ : H → R be defined
by θ(x) = ||x|| for all x ∈ H. It is easy to verify that x∗ = 0 is the unique solution of MVI (2.1), i.e.,
X∗ = {0}. We have TX(x∗) = H and NX∗(x∗) = H. Thus

[TX(x∗)∩NX∗(x∗)]◦ = {0}.

Moreover, ∂θ(x∗) = clB. One has

−F(x∗) =−F(0) ∈ B= int

( ⋂
x∈X∗

(∂θ(x∗)+ [TX(x)∩NX∗(x)]◦)

)
.

Hence, X∗ is weakly sharp.

Example 3.3. Let H = Rn with the usual norm and let X = {x ∈ Rn : ||x|| ≤ 2}. Let F : Rn → Rn

be a nonnegative definite operator on X , i.e., 〈F(x),x〉 ≥ 0 for all x ∈ X , with F(0) ∈ (−1,1)n and let
θ : Rn→R be defined by θ(x) = ||x||1 := |x1|+ · · ·+ |x|n for all x = (x1, · · · ,xn)∈Rn. We see that x∗ = 0
is the unique solution of (2.1), that is, X∗ = {0}. We have TX(x∗) = Rn and NX∗(x∗) = Rn. Thus,

[TX(x∗)∩NX∗(x∗)]◦ = {0}.

We also have that ∂θ(x∗) = ∂θ(0) = [−1,1]n and

−F(x∗) =−F(0) ∈ (−1,1)n = int

( ⋂
x∈X∗

(∂θ(x∗)+ [TX(x)∩NX∗(x)]◦)

)
.

Hence, X∗ is weakly sharp.

We next give an example in which the solution set X∗ is weakly sharp but X∗ is not a singleton.

Example 3.4. Let X = [1,5]× [0,2]. Let F : R2 → R2 be defined by F(x1,x2) = (0,x1) for all x =

(x1,x2) ∈ R2 and let θ : R2→ R be defined by θ(x1,x2) = x2
2 for all x = (x1,x2) ∈ R2. One can easily

compute that the solution set of (2.1) is X∗ = [1,5]×{0}. For x∗ ∈ X∗, we have ∂θ(x∗) = {(0,0)},
TX(x∗) = R×R+ and NX∗(x∗) = {0}×R. Hence

TX(x∗)∩NX∗(x∗) = {0}×R+.
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For each x∗ ∈ X∗, one has

∂θ(x∗)+ [TX(x∗)∩NX∗(x∗)]◦ = R×R−.

Thus, for any x∗ ∈ X∗, we have

−F(x∗) ∈ {0}× [−5,−1]⊂ int

( ⋂
x∈X∗

(∂θ(x)+ [TX(x)∩NX∗(x)]◦)

)
.

Hence, X∗ is weakly sharp.

We next give some characterizations of weak sharpness for solutions of MVIs.

Theorem 3.1. The following statements are equivalent:

(a) X∗ is weakly sharp.
(b) For each x̄ ∈ X∗, there exists α > 0 such that, for each x ∈ X,

α||x−PX∗(x)||= αd(x,X∗)≤ 〈F(x̄),x−PX∗(x)〉+θ(x)−θ(PX∗(x)). (3.7)

(c) For each x̄ ∈ X∗, there exists α > 0 such that, for any x∗ ∈ X∗ and v ∈ TX(x∗)∩NX∗(x∗),

〈F(x̄),v〉+θ
′(x∗,v)≥ α||v||. (3.8)

Proof. (a)⇒ (b): Assume that X∗ is weakly sharp. Let x̄ ∈ X∗. Then, there exists α > 0 such that (3.5)
holds. Thus,

α clB⊂ F(x̄)+∂θ(x∗)+ [TX(x∗)∩NX∗(x∗)]◦, ∀x∗ ∈ X∗.

Hence, for any x∗ ∈ X∗ and 0 6= v ∈ TX(x∗)∩NX∗(x∗), there exists ζ ∗ ∈ ∂θ(x∗) such that

α
v
||v||
−F(x̄)−ζ

∗ ∈ [TX(x∗)∩NX∗(x∗)]◦.

Hence 〈
α

v
||v||
−F(x̄)−ζ

∗,v
〉
≤ 0,

which implies that

α||v|| ≤ 〈F(x̄)+ζ
∗,v〉. (3.9)

The latter inequality also holds for v = 0. Let x ∈ X . Since X∗ is closed convex, one finds that PX∗(x) is
singleton and ||x−PX∗(x)||= d(x,X∗) and

x−PX∗(x) ∈ TX(PX∗(x))∩NX∗(PX∗(x)).

Letting v = x−PX∗(x) and x∗ = PX∗(x) in (3.9), we obtain

α||x− x−PX∗(x)|| ≤ 〈F(x̄)+ζ
∗,x−PX∗(x)〉.

Since ζ ∗ ∈ ∂θ(PX∗(x)), one has

〈ζ ∗,x−PX∗(x)〉 ≤ θ(x)−θ(PX∗(x)).

Hence

αd(x,X∗) = α||x−PX∗(x)|| ≤ 〈F(x̄),x−PX∗(x)〉+θ(x)−θ(PX∗(x)).
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(b)⇒ (c): The first part of proof follows some lines of the proof of [25, Theorem 4.1]. Fix x̄ ∈ X∗ and
let x∗ ∈ X . If TX(x∗)∩NX∗(x∗) = {0}, then the proof is complete. Assume that TX(x∗)∩NX∗(x∗) 6= {0}.
Letting v ∈ TX(x∗)∩NX∗(x∗) be arbitrary with v 6= 0, we have 〈v,v〉> 0 and

〈v,y∗− x∗〉 ≤ 0, for all y∗ ∈ X∗.

These imply that

X∗ ⊂ H−v := {x ∈ H : 〈v,x− x∗〉 ≤ 0}. (3.10)

Since v ∈ TX(x∗), for every positive sequence {tk} converging to 0, there exists a sequence {vk} con-
verging to v and x∗+ tkvk ∈ X for all k. Then there exists k0 ∈ N such that 〈v,vk〉 > 0 for all k ≥ k0.
Thus

〈v,x∗+ tkvk− x∗〉= tk〉v,vk〉> 0, for all k ≥ k0,

that is, x∗+ tkvk 6∈ H−v for all k ≥ k0. By (3.10), we have, for all k, that

d(x∗+ tkvk,X∗)≥ d(x∗+ tkvk,H−v ). (3.11)

For all k ≥ k0, the projection of x∗+ tkvk onto H−v belongs to

Hv := {x ∈ H : 〈v,x− x∗〉= 0}.

Fix k≥ k0 and set zk := PHv(x
∗+ tkvk). The vector x∗+ tkvk−zk is a positive multiple of v, that is, there is

a positive scalar γk such that x∗+ tkvk− zk = γkv. Since 〈v,zk−x∗〉= 0, we have 〈v, tkvk− γkv〉= 0. Thus

γk =
tk〈vk,v〉
||v||

.

This gives

zk = x∗+ tkvk−
tk〈vk,v〉
||v||

v.

Then, for k ≥ k0, we have

d(x∗+ tkvk,Hv) = ||x∗+ tkvk− zk||=
tk〈vk,v〉
||v||

.

This, together with (3.11), yields

d(x∗+ tkvk,X∗)≥
tk〈vk,v〉
||v||

, ∀k ≥ k0.

Using the nonexpansiveness of the distance function, we have, for all k ≥ k0, that

d(x∗+ tkv,X∗) ≥ d(x∗+ tkvk,X∗)− tk||vk− v||

≥ tk〈vk,v〉
||v||

− tk||v− vk||. (3.12)

Since tk > 0 and v ∈ NX∗(x∗), one has x∗ = PX∗(x∗+ tkv) for all k. By (3.7), for all k ≥ k0, one has

〈F(x̄),x∗+ tkv− x∗〉+θ(x∗+ tkv)−θ(x∗)≥ α
tk〈vk,v〉
||v||

−αtk||vk− v||,

or, equivalently,

〈F(x̄),v〉+ θ(x∗+ tkv)−θ(x∗)
tk

≥ α
〈vk,v〉
||v||

−α||vk− v||.

Letting k→ ∞ and taking into account that tk→ 0, vk→ v, we get (3.8).
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(c)⇒ (a): It follows from (3.8) that

sup{〈ζ ∗,v〉+ 〈F(x̄),v〉 : ζ
∗ ∈ ∂θ(x∗)} ≥ α||v||, ∀v ∈ TX(x∗)∩NX∗(x∗). (3.13)

We next show that, for all v ∈ H,

sup{〈ζ ∗,v〉+ 〈F(x̄),v〉 : ζ
∗ ∈ ∂θ(x∗)+ [TX(x∗)∩NX∗(x∗)]◦} ≥ α||v||. (3.14)

Suppose v 6∈ TX(x∗)∩NX∗(x∗). Then there exists v∗ ∈ [TX(x∗)∩NX∗(x∗)]◦ such that 〈v∗,v〉 > 0. Let
ζ ∗ ∈ ∂θ(x∗) and consider ζ ∗+λv∗+F(x̄) with λ > 0. Since

〈ζ ∗+λv∗,v〉+ 〈F(x̄),v〉 → ∞ as λ → ∞,

the supremum in (3.14) is infinite. Thus (3.14) holds for all v 6∈ TX(x∗)∩NX∗(x∗). Assume now that
v ∈ TX(x∗)∩NX∗(x∗). Since 0 ∈ [TX(x∗)∩NX∗(x∗)]◦, we have that

sup{〈ζ ∗,v〉+ 〈F(x̄),v〉 : ζ
∗ ∈ ∂θ(x∗)}

≤ sup{〈ζ ∗,v〉+ 〈F(x̄),v〉 : ζ
∗ ∈ ∂θ(x∗)+ [TX(x∗)∩NX∗(x∗)]◦} .

This, together with (3.13), implies that (3.14) holds for all v ∈ TX(x∗)∩NX∗(x∗). Thus, (3.14) holds for
all v ∈ H. Hence,

ρ(v,αB)≤ ρ (v,F(x̄)+∂θ(x∗)+ [TX(x∗)∩NX∗(x∗)]◦) ,

which implies from [1, Proposition 7] that

αB⊂ cl(F(x̄)+∂θ(x∗)+ [TX(x∗)∩NX∗(x∗)]◦) .

Therefore,

βB⊂ F(x̄)+∂θ(x∗)+ [TX(x∗)∩NX∗(x∗)]◦,

with 0 < β < α . This implies that

−F(x̄) ∈ int

( ⋂
x∗∈X∗

(∂θ(x∗)+ [TX(x∗)∩NX∗(x∗)]◦)

)
.

So X∗ is weakly sharp. The proof is complete. �

Corollary 3.1. Let X∗ ⊂ X∗. For each x̄ ∈ X∗, set

α(x̄) := inf
{
〈F(x̄),x− x̄〉+θ(x)−θ(x̄)

d(x,X∗)
: x ∈ X \X∗

}
.

The following assertions are equivalent:

(i) X∗ is weakly sharp.
(ii) α(x̄)> 0 for each x̄ ∈ X∗.

Proof. Since X∗ ⊂ X∗, we have

〈F(x̄), x̄− x∗〉+θ(x̄)−θ(x∗) = 0

for all x̄,x∗ ∈ X∗. Thus, for x̄ ∈ X∗ and x ∈ X , we have

〈F(x̄),x−PX∗(x)〉+θ(x)−θ(PX∗(x)) = 〈F(x̄),x− x̄〉+θ(x)−θ(x̄).
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By Theorem 3.1, we have that X∗ is weakly sharp if and only if for each x̄ ∈ X∗ there exists α > 0 such
that

αd(x,X∗)≤ 〈F(x̄),x−PX∗(x)〉+θ(x)−θ(PX∗(x)) for all x ∈ X ,

which is equivalent to

αd(x,X∗)≤ 〈F(x̄),x− x̄〉+θ(x)−θ(x̄) for all x ∈ X .

Hence, α(x̄)> 0 for each x̄ ∈ X∗. This completes the proof. �

Example 3.5. We reconsider Example 3.4. One can also compute X∗ = [1,5]×{0} = X∗. For x̄ =

(x̄1, x̄2) ∈ X∗ and x = (x1,x2) ∈ X \X∗, we have

α(x̄) = inf
{
〈F(x̄),x− x̄〉+θ(x)−θ(x̄)

d(x,X∗)
: x ∈ X \X∗

}
= inf{x̄1 + x2}= x̄1 > 0.

Hence, without checking the definition of the weak sharpness as in Example 3.4, by applying Corollary
3.1, we can also claim that X∗ is weakly sharp.

Following the proof of Theorem 3.1, we have the following result. This can be also seen as new
characterizations of weak sharpness of solution sets for MVIs in the sense of Huang and He [16].

Corollary 3.2. The following statements are equivalent:

(a) There exists α > 0 such that (3.6) holds.
(b) There exists α > 0 such that for each x ∈ X

αd(x,X∗)≤ 〈F(PX∗(x)),x−PX∗(x)〉+θ(x)−θ(PX∗(x)).

(c) There exists α > 0 such that for any x∗ ∈ X∗ and v ∈ TX(x∗)∩NX∗(x∗)

〈F(x∗),v〉+θ
′(x∗,v)≥ α||v||.

Remark 3.3. Requiring that the function F is continuous and pseudomonotone+, Al-Homidan, Ansari
and Nguyen [3, Theorem 1] proved that the solution set X∗ of variational inequality (2.2) is weakly sharp
if and ly if there is a positive number α such that

〈F(PX∗(x)),x−PX∗(x)〉 ≥ αd(x,X∗) for all x ∈ X .

Noticing that the pseudomonotonicity+ of F implies that F is constant on X∗ (see [24, Proposition 2] and
the proof of [3, Theorem 1] is relied on the continuity of F . Hence, Corollary 3.2 improves [3, Theorem
1] by relaxing conditions on F .

We can also relax the continuity of the function F improving [23, Theorem 3.2].

Corollary 3.3. Assume that F is a constant on X∗ and let x∗ ∈ X∗. If there exists α > 0 such that

αd(x,X∗)≤ 〈F(x∗),x− x∗〉+θ(x)−θ(x∗) for all x ∈ X ,

then X∗ is weakly sharp.
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Proof. For all y∗,z∗ ∈ X∗, we have

〈F(z∗),y∗− z∗〉+θ(y∗)−θ(z∗)≥ 0,

and
〈F(y∗),z∗− y∗〉+θ(z∗)−θ(y∗)≥ 0.

Since F is constant on X∗, F(y∗) = F(z∗). Hence

〈F(z∗),y∗− z∗〉+θ(y∗)−θ(z∗) = 0.

By the constancy of F on X∗, for all x ∈ X , we have

〈F(PX∗(x)),x−PX∗(x)〉+θ(x)−θ(PX∗(x))

= 〈F(PX∗(x)),x− x∗〉+θ(x)−θ(x∗)

+〈F(PX∗(x)),x∗−PX∗(x)〉+θ(x∗)−θ(PX∗(x))

= 〈F(x∗),x− x∗〉+θ(x)−θ(x∗)≥ αd(x,X∗).

Thus, by Corollary 3.2 and Remark 3.2, X∗ is weakly sharp. �

We next present results on the finite convergence of sequences generated by an inexact proximal point
algorithm for solving (2.1) under weak sharpness of the solution set.

Let {λk} ⊂ (0,∞) and {ek} ⊂ H. We, starting from an arbitrary point x1 ∈ H, generate an iteration
sequence {xk} in accordance with the rule: for k = 1,2, · · ·

xk+1 ∈ Xk+1 := {y ∈ X : 〈F(y)+λ
−1
k (y− xk + ek),x− y〉+θ(x)−θ(y)≥ 0, ∀x ∈ X} (3.15)

We note that if F is monotone on X , then Xk is always nonempty for all k = 2,3, · · ·

Theorem 3.2. Let X∗ be weakly sharp, Xk 6= /0 for k = 2,3, · · · and {xk} be a sequence generated by
inexact proximal point method (3.15) with liminfk→∞ λk > 0. Assume that

(a) The sequence {xk+1− xk} converges strongly to 0;
(b) The sequence {ek} converges strongly to 0.

Then xk ∈ X∗ for all k large enough if, in addition, one of the following conditions holds:

(i) F is monotone on X and constant on X∗;
(ii) H is finite dimensional, F is monotone on X and continuous on X∗ and {PX∗(xk)} is bounded;

(iii) F is monotone on X and continuous on X∗ and {PX∗(xk)} converges strongly to some x̄ ∈ X∗;
(iv) H is finite dimensional, F is continuous on X∗, {xk} is bounded and all accumulation points

belong to X∗;
(v) F is continuous on X∗ and {xk} converges strongly to some ȳ ∈ X∗;

(vi) F is uniformly continuous on X and constant on X∗ and {d(xk,X∗)} converges to 0;

Proof. From (3.15), we find, for all x ∈ X , that

〈F(xk+1),xk+1− x〉+θ(xk+1)−θ(x) (3.16)

≤ 1
λk

(〈xk+1− xk,x− xk+1〉+ 〈ek,x− xk+1〉)

≤ 1
λk

(||xk+1− xk||. ||x− xk+1||+ ||ek||. ||x− xk+1||). (3.17)
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Assume that the conclusion is not true. Then there exists a subsequence {xki} of {xk} such that xki 6∈ X∗

for all i. For each i, set yki = PX∗(xki). It follows that ||xki− yki ||= d(xki ,X
∗)> 0 for all i.

(i) Since F is a constant on X∗, we find from Corollary 3.2 that there exists α > 0 such that

α||yki− xki ||= αd(xki ,X
∗)≤ 〈F(yki),xki− yki〉+θ(xki)−θ(yki).

Using the monotonicity of F , we have

α||xki− yki || ≤ 〈F(xki),xki− yki〉+θ(xki)−θ(yki). (3.18)

Taking k := ki and x = yki+1 in (3.16) and using (3.18), one has

α||xki+1− yki+1|| ≤
1

λki

(||xki+1− xki ||. ||yki+1− xki+1||+ ||eki ||. ||yki+1− xki+1||).

Dividing both sides of the latter inequality by ||yki+1− xki+1||> 0, we get

α ≤ 1
λki

(||xki+1− xki ||+ ||eki ||).

Since liminfk→∞ λk > 0, limk→∞(xk+1− xk) = 0, limk→∞ ek = 0, it follows from the latter inequality that
α ≤ 0. This contradicts α > 0. Thus, xk ∈ X∗ for sufficiently large k.
(ii) (iii) In both cases, we may assume that {yki} converges strongly to some x̄ ∈ X∗. By Theorem 3.1,
there exists α > 0 such that

α||xki+1− yki+1|| ≤ 〈F(x̄),xki+1− yki+1〉+θ(xki+1)−θ(yki+1).

Using the monotonicity of F and (3.16), one has

α||xki+1− yki+1|| ≤ F(xki+1),xki+1− yki+1〉+θ(xki+1)−θ(yki+1)

+〈F(yki+1)−F(xki+1),xki+1− yki+1〉

+〈F(x̄)−F(yki+1),xki+1− yki+1〉

≤ 1
λki

(||xki+1− xki ||. ||yki+1− xki+1||+ ||eki ||. ||yki+1− xki+1||)

+||F(yki+1)−F(x̄)||. ||xki+1− yki+1||.

Dividing both sides by ||xki+1− yki+1||> 0, we get

α ≤ 1
λki

(||xki+1− xki ||+ ||eki ||)+ ||F(yki+1)−F(x̄)||.

This yields α ≤ 0, which is a contradiction. Therefore, xk ∈ X∗ for all k sufficiently large.
(iv) (v) In both cases, we may assume that {xki} converges strongly to ȳ ∈ X∗. By Theorem 3.1, there
exists α > 0 such that

α||xki+1− yki+1|| ≤ 〈F(ȳ),xki+1− yki+1〉+θ(xki+1)−θ(yki+1).

Using (3.16), we have

α||xki+1− yki+1|| ≤ F(xki+1),xki+1− yki+1〉+θ(xki+1)−θ(yki+1)

+〈F(ȳ)−F(xki+1),xki+1− yki+1〉

≤ 1
λki

(||xki+1− xki ||. ||yki+1− xki+1||+ ||eki ||. ||yki+1− xki+1||)

+||F(xki+1)−F(ȳ)||. ||xki+1− yki+1||.
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It follows that

α ≤ 1
λki

(||xki+1− xki ||+ ||eki ||)+ ||F(xki+1)−F(ȳ)||.

This implies α ≤ 0, which contradicts α > 0. Therefore, xk ∈ X∗ for all k sufficiently large.
(vi) Since F is a constant on X∗, we find from Corollary 3.2 that there exists α > 0 such that

α||yki− xki || ≤ 〈F(yki),xki− yki〉+θ(xki)−θ(yki).

By (3.16), one has

α||yki+1− xki+1|| ≤ 〈F(xki+1),xki+1− yki+1〉+θ(xki+1)−θ(yki+1)

+〈F(yki+1−F(xki+1),xki+1− yki+1〉

≤ 1
λki

(||xki+1− xki ||. ||yki+1− xki+1||+ ||eki ||. ||yki+1− xki+1||)

+||F(yki+1−F(xki+1)||. ||xki+1− yki+1||. (3.19)

Since F is uniformly continuous on X , there exists δ > 0 such that

||F(x)−F(y)||< α

4
, for all x,y ∈ X with ||x− y||< δ .

Moreover, since limi→∞ ||xki − yki || = limi→∞ d(xki ,X
∗) = 0, we find that there exists i1 ∈ N such that

||xki− yki ||< δ for all i≥ i1. Thus,

||F(yki+1−F(xki+1)||<
α

4
, ∀i≥ i1.

Since liminfk→∞ λk > 0, there exist q > 0 and i2 ∈ N such that λki ≥ q for all i≥ i2. By (a) and (b), there
exists i0 ≥max{i1, i2} such that

||xki+1− xki ||<
qα

4
, and ||eki ||<

qα

4
, ∀i≥ i0.

It follows from (3.19) that

α ≤ 1
λki

(||xki+1− xki ||+ ||eki ||)+ ||F(yki+1−F(xki+1)||

≤ 1
q

(qα

4
+

qα

4

)
+

α

4
=

3α

4
, ∀i≥ i0.

This contradicts α > 0. Therefore, xk ∈ X∗ for all k sufficiently large. �

Remark 3.4. Theorem 3.1 in [27] is a special case of Theorem 3.2 (iii). Hence, Theorem 3.2 generalizes
several results in the literature (see, [27, Remark 3.5]). In our result, we also consider some cases that
mapping F is not monotone. This is new even for the variational inequality setting.

To conclude this paper, we consider an exact proximal point method. In (3.15), we take ek = 0 for all
k. For x1 ∈ H, let {xk} be the sequence by

〈F(xk+1)+λ
−1
k (xk+1− xk),x− xk+1〉+θ(x)−θ(xk+1)≥ 0, ∀x ∈ X . (3.20)

We recall following lemma which will be used in the proof of our result (see, e.g., [5]).
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Lemma 3.1. Let D be a nonempty subset of H and let {xk} be a sequence in H. Assume that {xk} in H
is Fejér monotone with respect to D, that is,

||xk+1− x|| ≤ ||xk− x||,

for all k ∈ N and x ∈ D. Then {PD(xk)} converges strongly to a point in D.

Corollary 3.4. Let F be monotone on X and continuous on X∗ and let X∗ be weakly sharp. Let {xk} be
a sequence generated in (3.20) with liminfk→∞ λk > 0. Then, xk ∈ X∗ for all k sufficiently large.

Proof. We can rewrite (3.20) as

〈F(xk+1),x− xk+1〉+θ(x)−θ(xk+1)+
1

2λk

(
||xk− x||2−||xk+1− x||2−||xk+1− xk||2

)
≥ 0, (3.21)

for all x ∈ X . Let x∗ be a solution of (2.1). Then

〈F(x∗),xk+1− x∗〉+θ(xk+1)−θ(x∗)≥ 0.

By the monotonicity of F , we have

〈F(xk+1),x∗− xk+1〉+θ(x∗)−θ(xk+1)≤ 〈F(x∗),x∗− xk+1〉+θ(x∗)−θ(xk+1)≤ 0.

Hence, it follows from (3.21) that

||xk+1− x∗||2 ≤ ||xk− x∗||2−||xk+1− xk||2. (3.22)

This implies that {xk} is Fejér monotone with respect to X∗, limk→∞ ||xk−x∗|| exists and limk→∞ ||xk+1−
xk|| = 0. Using Lemma 3.1, we find that {PX∗(xk)} converges strongly to some x̄ ∈ X∗. Applying
Theorem 3.2, we obtain that xk ∈ X∗ for all k large enough. �
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