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Abstract. In this paper, a nonsmooth multiobjective semidefinite and semi-infinite programming is investigated. By using
tangential subdifferentials for the tangential convex functions defined on the space of symmetric matrices, we establish the
necessary and sufficient optimality conditions for some kind of efficient solutions of the nonsmooth multiobjective semidefinite
and semi-infinite programming.
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1. INTRODUCTION

Multiobjective nonlinear semidefinite programming can be viewed as an extension of multiobjective
nonlinear programming, where the vector variable is replaced by symmetric semidefinite matrix. Semi-
definite programming has an important role in some aspects of mathematics such as in control theory,
approximation theory, combinatorial optimization and eigenvalue optimization. Various results about
the applications and some algorithms of semidefinite programming can be found in [2, 7, 22, 23] and
the references therein. Recently, optimality conditions in several kinds of semidefinite programming and
related problems has attracted a lot of attention. Such conditions for convex semidefinite vector opti-
mization problems were considered in [15]. In [4], first-order optimality conditions for mathematical
programs with semidefinite cone complementarity constraints were established. By analyzing the man-
ifold structure of some cones, the simplified optimality conditions in semidefinite programming were
given in [17]. Sufficient conditions for global optimality of semidefinite optimization were considered in
[19]. Using upper semi-regular convexificators and some generalized constraint qualifications, Fritz John
type and Karush-Kuhn-Tucker type of optimality conditions of semidefinite programming were given in
[6]. By using Fréchet pseudo-Jacobian and pseudo-Hessian in [8] for the vector-valued maps defined on
the space of symmetric matrices, we established the first and second-order optimality conditions for some
kind of efficient solutions of the vector nonsmooth semidefinite programming in [11]. The paper [25]
obtains some optimality conditions for semidefinite programming via the image space analysis. On the
other hand, a simultaneous minimization of a finite number of objective functions over an infinite number
of constraints is called a multiobjective semi-infinite programming problem. For some recent results in
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this direction, see, e.g., [9, 12, 13, 24] and references therein. In [14], semidefinite and semi-infinite pro-
gramming problems, which includes semi-infinite linear programs and semi-definite programs as special
cases, was investigated. To the best of our knowledge, there is no paper dealing with a multiobjective
semidefinite and semi-infinite programming.

Inspired by these observations, we consider in this paper the optimality conditions of the multiobjec-
tive semidefinite and semi-infinite programming. The organization of this paper is as follows. In Section
2, we recall notions needed in the sequel and propose the tangential subdifferentials for the functions de-
fined on the space of symmetric matrices. The nonsmooth multiobjective semidefinite and semi-infinite
programming is defined in the first part of Section 3. Then, the necessary and sufficient optimality
conditions for some some kind of efficient solutions of the nonsmooth multiobjective semidefinite and
semi-infinite programming are discussed. Some examples are also provided to illustrate our results.

2. PRELIMINARIES

The following notations and definitions in this section will be used throughout the paper.

Let S" be the space of n x n symmetric matrices and let 6 be zero matrix in S"”. Bs» stands for the
closed unit ball in S”. Matrix X € S” is said to be positive (negative) semidefinite if vIXv>00'Xv<0,
respectively) for all v € R". Denote S'} (S") the set of all positive (negative) semidefinite matrices.
S (S", resp) is a closed convex cone in §". For X,Y € §", we write X —Y = 6 (X =Y =< 0) if and
onlyif X =Y € 8l (X —-Y € 8", resp). The inner product of two symmetric matrices X,Y € §", with
X = (Xij)nxn,Y = (Yij)nxn, is defined by

n n
(X,Y)=XeY = Z injyji =tr(XY),
i=1 j=1

where tr stands for the trace. Since S” and the inner product e form an Euclidean space, there is a natural
isometry [23] identifying S” and RY, where v := n(n+ 1)/2. The norm associated with the above inner

product is called the Frobenius norm

IX]| = VX 0 X = /tr(XX) =

We write (X*,X) for the value of a linear functional X* at X € S". If (X*,X) <0 for all X* € S*, where
S* is a subset of the dual space of S", we write ($*,X) < 0. For § C §", intS, clS, 98, coS, and coneS
denote its interior, closure, boundary, convex hull and the cone generated by S (i.e., {tX| X € S, t > 0}),
resp. The convex cone containing the origin generated by S, denoted by posS, is defined as

k
posS := {X €S"[X =) AX, X, €S54 >0,i=1, k} .
i=1
The negative polar cone and strictly negative polar cone of S are defined resp by
ST ={X"eS"|(X",X) <0VX €S},

§Ti={X"eS"(X*,X) <0VX € S\ {0}}.
It is easy to check that $* C S~ and if $* #£ 0, then c1S* = S~. Moreover, the bipolar theorem, see, e.g., [1],

states that S~ = cl coneS. For t > 0 and k € N, o(¢¥) designates a point in a considered space depending
on ¢ such that o(¢X) /t* — 0 ast | 0.
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Recall that the contingent (or Bouligand) cone of § C S at X € clS is
T(S,%):={X €S"|31 1 0, 3X; — X,Vk € N, X + 5. X; € S}.
The cone of weak feasible directions to S at X is
F(S,X):={XeS"|3n | 0,Vk, X+ 15X € S}.

Remark 2.1. The following properties can be checked directly; see [1, 10] for more details.
(i) T(S,X) is a closed cone. F(S,X) is a cone.
(i) If S is a convex set then T'(S,X) = clcone(S — X) and F(S,X) = cone(S — X).
(iii) F(S,X) C T(S,X).

Definition 2.1. Let ¢ : S" — Rand X,U € S™.
(i) The directional derivative (or Dini derivative) of ¢ at X in direction D is
0(X +1D) — 9(X)
T

/ .
¢'(X,D) = limn
For D = 0, define ¢'(X,0) = 0. We say that ¢ is directionally differentiable at X if its directional
derivative exists in all directions D.
(ii) The Hadamard directional derivative of ¢ at X in direction D is

D)~ fim SEFT) )
1]0,D'—D T

We say that ¢ is Hadamard directionally differentiable at X if its Hadamard directional derivative
exists in all directions D.

Note that if ¢f/(X, D) exists, then ¢'(X,D) also exists and they are equal. Conversely, if ¢ is Lips-
chitzian on a neighborhood U of X, then ¢ is Hadamard directionally differentiable at X in every direction
D in which ¢ is directionally differentiable.

For a nonempty set S C S”, the function oy : S” — RU{+}, defined by

os(D) :=sup(X,D) VD € S",
Xes

is called the support function of S. Note that oy is sublinear and lower semicontinuous, i.e., lgp igf o(D')=
—

o (D) for all D € S". Moreover, if S is bounded, then oy is finite everywhere; see [3] for more details.

Lemma 2.1. [3] If 0 : S" — RU{+o0} is a lower semicontinuous, sublinear function and everywhere
finite, then there exists a nonempty compact convex set Sg such that o is the support function of Sg, or,
equivalently,

Se ={X"€S"|(X*,D) <o(D),VD € S"}.

In the line of [16, 18], we present the following notions.

Definition 2.2. A function ¢ : S” — R is said to be tangentially convex at X € S" if for every D € S",
¢’ (X, D) exists, is finite and the function ¢’(%,.) : S" — R is a convex function of D.

Since ¢'(X,.) is positively homogeneous, if ¢ is tangentially convex at X, then ¢’(X,.) is sublinear.
Then, by Lemma 2.1, there exists a nonempty compact convex set of S” such that ¢'(X,.) is the support
function of that set.
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Definition 2.3. Let ¢ : S” — R be tangentially convex at X € S”. The nonempty compact convex o7 ¢ (X)

of S" is said to be the tangential subdifferential of ¢ at X if ¢'(X,D) = max (X*,D), which is
X*edT¢(X)
equivalent to

ITo(X) = {X* €S" | (X*,D) < ¢/(X,D),VD € S".

Example 2.1. Let ¢ : S? — R be defined by, for X = | ' 72

X2 X3

(I)(X) =" +4dxp + x1x3.

0 roo 112
O],onegetsa ¢(X)_{[2 0]}

X1 X2
x x|

O(X) = |xi|+2x +max{x3, x3}.

Then, at X =

Example 2.2. Let ¢ : S> — R be defined by, for X =

_ 0
Then, at X = 0 ],one has
_ o 1
aTq)(X):{[ 1 ﬁ |(X€[—1,1],B€[0,1]}.
) X1 X
Example 2.3. Let ¢ : S — R be defined by, for X = ],
X2 X3
5(X) = xisin g, ync1 £0,
0, ifx; =0.

Then, at X =

0
] , we have
0

aT¢(;‘():{[ o 8 lae [—2,2]}.

Definition 2.4. Let S C S" be a convex set, ¢ :S" — Rand X € S.

(i) ¢ is quasiconvex at ¥ if
VX €8,0(X) < $(X) = $(AX +(1-2)%) < §(X) VA € (0,1).

(ii) ¢ is Dini-convex at X if VX € S,9(X) > ¢(X) + ¢’ (X, X — X).
(iii) ¢ is strictly Dini-convex at X if VX € S\ {X},9(X) > ¢(X) + ,
(iv) ¢ is Dini-pseudoconvex at X if VX € §,0(X) < ¢(X) = ¢'(X, X —X) <
(v) ¢ is strictly Dini-pseudoconvex at X if

VX € S\{X},9(X) < 9(X) = ¢'(X,X - X) <0.
(vi) ¢ is Dini-quasiconvex at X if VX € S,9(X) < ¢(X) = ¢'(X, X
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Remark 2.2. Let S C S" be a convex set, ¢ : S* — R and X € S. Suppose that ¢ is tangentially convex
at X.
(i) If ¢ is Dini-convex at X and X € S, then
6(X) > 0(%)+ (97 9(%),X — X).
(i) If ¢ is strictly Dini-convex at X and X € S\ {X}, then
0(X) > ¢(X)+(9"9(X),X —X).
(iii) If ¢ is Dini-pseudoconvex at X and X € S, ¢ (X) < ¢(X), then
(dT¢(X),x—X) <0.
(iv) If ¢ is strictly Dini-pseudoconvex at X and X € S\ {X},9(X) < ¢(X), then
(dT¢(X),Xx —X) <0.
(v) If ¢ is Dini-quasiconvex at X and X € S,¢(X) < ¢(X), then
(79 (X),X —X) <0.

Lemma 2.2. [3] Suppose {A; : i € I} is a finite set of matrices in S". For any subset J of I, define
Cy:=pos{A;|ieJ}.

(i) The cone Cj is the union of those cones C; for which the set {A; | j € J} is linearly independent.
Furthermore, any such cone Cj is closed.

(ii) If the matrix X lies in co{A; : i € I}, then there is a subset J C I of size at most 1 +n(n+1)/2
such that X € co{A; | i € J}. It follows that if a subset of S" is compact, then so is its convex hull.

Since there is an isometry identifying S” and R"("+1)/2

to the results in [5, 20].

, the following lemmas can be checked similarly

Lemma 2.3. Let {C,|t € T'} be an arbitrary collection of nonempty convex sets in S" and K = pos < U C,> )
ter

Then, every nonzero vector of K can be expressed as a non-negative linear combination of n(n+1)/2 or
fewer linear independent vectors, each belonging to a different C;.

Lemma 2.4. Suppose that S, P are arbitrary (possibly infinite) index sets, Ay maps S onto S", and so do
A,. Suppose that the set

co{Ay,s € S} +pos{A,,p € P}

is closed. Then the following statements are equivalent:

AS)X 07 ? @ 1
I { { ) <0,5€S5,5# has no solution X € S™;

(A,,X)<0,peP
11 : 0 € co{Ay,s € S} +pos{A,,p € P}.

Lemma 2.5. [6] IfU € S" and (U,V) >0 forallV € S}, then U € S'}..
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3. KKT OPTIMALITY CONDITIONS

In this section, we consider the following multiobjective semidefinite and semi-infinite programming:
(P) R —min f(X) := (fi(X), /2(X), ., fn(X))
st. g(X)<0,teT,
X >0,
where f;,i€1:={1,...,m}, gt € T are functions from S" to R. The index set T is an arbitrary nonempty
set, not necessary finite. Denote

Q:={XeS"|gX)<0,reT,X >0}
and
T(X):={teT|gX)=0}.

Denote RLT' the collection of all the functions A : T — R taking values A,’s positive only at finitely many
points of T, and equal to zero at the other points. The set of active constraint multipliers at X € Q is

AR):={AeRM g Xx) =0y eT).

Notice that A € A(X) if there exists a finite index set K C T(X) such that A, >0 forallr € K and A, =0
forallr € T\ K.

Definition 3.1. (i) A matrix X € Q is called a locally (Pareto) efficient solution of (P), denoted by
% € LE(P), if there exists a neighborhood U of X such that, for every X € U N,

fX) = f(X) ¢ —R7\{0}.

(ii) A matrix X € Q is called a local weak solution of (P), denoted by ¥ € LWE(P), if there exists a
neighborhood U of X such that, for every X € U N,

F(X) = £(R) & —inR?.

If U =S", the word “locally” is omitted. In this case, the weakly efficient solution sets/the weakly
efficient solution sets are denoted by WE(P)/E(P). It is easy to check that LE(P) C LWE(P).

Definition 3.2. Let X € Q.

(i) We say that the Assumption (A1) holds at X € Q if f;,i € I, is Hadamard differentiable at X, the
function f7(X,.) : S" — R is a convex function for all i € I and g, € T, are tangentially convex
at X.

(ii) We say that the Assumption (A2) holds at X € Qif f;,i € I, and g,,t € T, are tangentially convex
at X.

Lemma 3.1. Let X € LWE(P).

(i) If (A1) holds, then (U, 97 £i(X))’ NT(Q
(i) If (A2) holds, then ( ,.ZlaT (X)) NF(Q

)

Q%) =0.
X)=0.

Proof. (i) Suppose to the contrary that there exists

Dc <CJ aTﬁ(X)) NT(Q,X).

i=1
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It follows from
De (U 8Tf,~(X))
i=1
that
(X*,D) < 0,YX* € dT fi(X),Vie I
Since the function ¢ : 97 f;(X) C S* — R, defined by
¢(X*) = (X", D),

is continuous on the compact set 97 f;(X), there exists a point X* € 97 f;(X) such that

X*)= max (X*.D).
¢( ) X*ean,-()Z)< >
This derives that

fl(X,D) :D*£3?<D><X*’D> = (X*,D) <0,Viel (3.1)

By D € T(,X), there exist 7 | 0 and Dy — D such that X + 7,D; € Q for all k. Since X € LWE(P),
there exists, taking subsequence if necessary, an index iy € I such that

fi(X,D) = fg (X, D) = lim ﬁo<X+Tk€:> — fulX)

>0,

contradicting to (3.1).
(i1) Reasoning by contraposition, assume the existence of

m )
De (U aTﬁ(J‘()> NF(Q,X).
i=1
Hence, one gets that
(X*,D) <0, vD*e€d"f(X)Viel
Since the function ¢ : 97 £;(X) C S” — R, defined by
¢(X") = (X*.d),
is continuous on the compact set @7 f;(X), there exists a point X* € 97 f;(X) such that

X*)= max (X*,D).
¢(X") *e&Tf,-(')< )
T'his shows that

fl(X,D) = X*é??}‘.@"*”” =(X*,D) <0,Viel. (3.2)

By D € F(Q,X), there exists 7 | 0 such that X + D € Q for all k. Since ¥ € LWE(P), there exists,
taking subsequence if necessary, an index iy € [ such that

_ . fi(X—i-TkD)—fi (X)
fllo (X,D) = l}glolo ; Tk 0
which contradicts (3.2). [

>0,
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Now, we establish some KKT necessary optimality conditions for locally weakly efficient solutions
of (P) under the following constraint qualifications (CQs):

(ACQ) : | U 2"si(X) | NT(S},X)CT(Q,X),
i€l(X)

(FCQ) : | |J 2"&i(X) | NT(S",X)CclF(Q.X).
i€l(X)

Proposition 3.1. Let X € LWE(P). Suppose that (Al) holds. If (ACQ) holds at X and the set

pos U 7 g,(X) +T(S,X)"
teT(X)

is closed, then there exist o0 € R with Y, 0 =1, A € A(X) and U € S with (U,X) = 0 such that
m
0 ad fiX)+) Ad"g(X)-0.
i=1 =
Proof. It follows from Lemma 2.2 (i) that
m N
<U aTﬁ(X)> NT(Q,X)=0. (3.3)
i=1

The above equation together with (ACQ) implies that

(68%()?)) Nl Y d"a(X) | nT(s1,X)C (Oani(x)) NT(Q,3)=0. (3.4)
i=1

teT(X) i=1

Hence,

Now, we prove that

<coLmJ8Tfi(X)>ﬂ —pos | J g (X)-T(S",X)" | #0. (3.5)

i=1 1€T(X)

m —

Suppose to the contrary that (3.5) does not hold. Since co |J 07 f;(X) is a nonempty compact convex set
i=1

and

—(pos |J 9"&(X)+T(S},X)7)
teT(X)
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is a closed convex cone, by the strong separation theorem, there exists X € S" such that

(X*,X) <0, VX*ECOUBTfl( ),
i=1

(U*,X) >0, YU*€—pos U 9"g(X)-T(S%,X)".
teT(X)
Since pos U 97g/(X) and T(S",X)~ are the cones containing 6, we imply the existence of X € S”
such that <
(X*,X) <0, VX*€co Ulanl( ),
i=

(U*,X) >0, YU*€—pos U dTg(X),
teT(X)

(U*,X)>0, YU*e€-T(S".X)".
The above inequalities together with T'(S".,X)~~ = T(S".,X) yields that
m S B
X e <COU8Tﬁ(X)> N | pos U Tg(X)| NT(SL,X),
i=1 teT(X)
which contradicts (3.4). Therefore, (3.5) holds. It follows that
m —_
Gecouani( ) + pos U g (X)+T(SL,X)".
i=1 teT(X)
It follows from the above inclusion and Lemma 2.4 that there exists & € R with Y7, o = 1, A € A(X)

and —U € T(S,X)~ such that

GRS Za,aTﬁ +Y 4oTe(X)-0.

teT

It follows from —U € T(S".,X)~ that (U,X) > 0forall V € T(S",X) = clcone(S". — X). Therefore,
(U,X-X)>0,vX eS].
By choosing X = 2X € §" and X = X € S, one yields that (U, X) = 0, and hence,
(0,X)>0,¥X € S".
Thus, we deduce from Lemma 2.5 that U € St O
Proposition 3.2. Let X € LWE(P). Suppose that (A2) holds. If (FCQ) holds at X and the set

pos | |J 9"&(X) | +T(S%.X)~
teT(X)

is closed, then there exists & € R with Y7L 0; =1, A € A(X) and U € S". with (U,X) = 0 such that

66204,8Tfl )+ Y A0 g (X)-T.

teT
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Proof. Tt follows from Lemma 2.2 (ii) that

(6 an,-()2)> NF(Q,X)=0. (3.6)
i=1

nt ((6 BTf,-(X))) NclF(Q,X) = 0.
i=1

The above equation together with (FCQ) implies that

This leads that

m $ -
(U an,-()2)> nl U d’eX)| nr (U " (%) ) NclF (Q, %)
i=1 teT(X) (3.7)
=0.
The proof is continued just as in the proof of Proposition 3.1. O

The following example illustrates the necessary optimality condition for weakly efficient solution of

(P).
Example 3.1. Letn =2,T =[—1,0] and f : S> = R? and g; : S* — R be defined as
HX) = |xal, LX) =x3,

Then,
QZ{XES”‘XQZO,XEB}.

i

is a weakly efficient solution of (P). By some calculations, we have

aTﬁ(X):{[fj g]yae[—l,u},mm:{[g ‘j]}

T(0) ={0}, U aTg,o?):{[ oo ”

teT(X)
T(S",X)=S",T(Q,X)=Q.

It is easy to see that

Hence,
U 9"aX) | NT(SL.X)={XeS"|-2x, <0}NS" CT(Q,X),
i€l(X)
i.e., (ACQ) holds at X. Moreover,
T v n o y\— 0 o n
pos U 2'g(X) | +T (S, X) = « 0 la <07 S

teT(X)
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is closed, since it is the sum of two closed and finite-dimensional subspaces of S”; see, e.g., [21, Theorem
1.42]. Hence, all the assumptions of Proposition 3.1 hold. If we take

_ 1
g_ |2 el
1/4 1)2
o =0y =1/2,A: T — R defined by

l(t)={ 1/4, ift=0,

0, otherwise,

then U € S% with (U,X) =0 and

6 cd fi(X)+md LX)+ ) 4o g (X)-T.
teT
Proposition 3.3. Ler X € Q. Suppose that there exist o € R with ¥ 0; =1, A € A(X) and U € S
with (U,X) = 0 such that

eeZa,aTﬁ )+ Y 49T g (X)-T. (3.8)

teT
) If fi,iel is Dini-pseudoconvex at X and g;,t € T, is Dini-quasiconvex X, then X is a weakly
efficient solution of (P).
(i) If f;,i € 1, is strictly Dini-pseudoconvex at X and g;,t € T, is Dini-quasiconvex X, then X is an
efficient solution of (P).

Proof. (i) Suppose on the contrary that X is not a weakly efficient solution. Then there exists a feasible
point X such that

(X)) < fi(X), Vi=1,..,m.

Since X € Q satisfies (3.16), there exist
X ecdlfi(X),icl, Y cadlg(X)tecl,

where J is a finite subset of 7(X ), and U € S'%. such that

~Yy = ;Xt*—U. (3.9)

teJ

Since f; is Dini-pseudoconvex and f;(X) < f;(X) for each i, one has
(XX —X)<0,vX; € d" fi(X),Viel
Moreover, since U,X,X € S" and (U,X) = 0, we have
(U,Xx—-X)=(U,X)>0. (3.10)

Hence, we derive from or € R} with }}” ; o; = 1, (3.9) and (3.10) that

m
Y x-X) =Y (X"Xx-X)—-(U,X-X)<0. (3.11)
teJ i=1
On the other hand, for each ¢ € J, g,(X) < g;(X). Therefore, by the Dini-quasiconvexity of g,z € T, at

X, one has
Y (v x—X) <o,

teJ
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or equivalently,

-y ¥ x-X) >0,
ted

contradicting with (3.11).

(ii) Reasoning by contraposition, suppose the existence of a feasible matrix X and at least iy € I such that

fi(X) < fi(X),  Viel\{i},
{ fi(X) < fiy(X) (3.12)

and hence, X # X. Since X € Q satisfies (3.16), there exist
X ed'fi(X),iel, Y7 ecdlg(X),tel,

where J is a finite subset of 7(X), and U € S"}. such that

=Yy —ZX -U. (3.13)

teJ

It follows from the fact that f;,i € I, is strictly Dini-pseudoconvex, X # X and (3.12), one has
(X! X -X)<0,vX; € fi(X),Viel
Moreover, since U, X,X € S". and (U,X) = 0, we have
(U,X-X)=(U,X)>0. (3.14)
Hence, we derive from o € R with }.7" ;| o; = 1, (3.13) and (3.14) that

(X" X—-X)—(0,X

—X) <o0. (3.15)

M§

Z Y X —X)
teJ

Il
—_

On the other hand, for each ¢ € J, g,(X) < g;(X). Therefore, by the Dini-quasiconvexity of g,z € T, at
X, one has

_Z<Yt*’X _X> > 07

teJ

which contradicts (3.15). ]

Corollary 3.1. Let X € Q. Suppose that there exist & € R with Y"1 04 =1, A € A(X) and U € S,
with (U,X) = 0 such that

6620@8 X))+ Y 40"g(X)-0. (3.16)
€T
() If f;;i €I and g;,t € T, is Dini-convex X, then X is a weakly efficient solution of (P).
(i) If fi,i € I, is strictly Dini-convex at X and g,,t € T, is Dini-convex X, then X is an efficient
solution of (P).
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