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VISCOSITY APPROXIMATION METHODS FOR FIXED POINT PROBLEMS IN HILBERT
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Abstract. In this paper, we investigate the existence of fixed points for G-nonexpansive mappings and prove strong convergence
theorems of a sequence generated by two different viscosity approximation methods for finding fixed points of these mappings
in a Hilbert space with a directed graph. We also give examples and numerical results to support our main convergence theorem.
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1. INTRODUCTION

Let C be a nonempty, closed and convex subset of a normed space X . A mapping T : C→C is said to
be

1. contraction if there exists α ∈ (0,1) such that ‖T x−Ty‖ ≤ α‖x− y‖ for all x,y ∈C;
2. nonexpansive if ‖T x−Ty‖ ≤ ‖x− y‖ for all x,y ∈C.
The fixed-point set of T is denoted by F(T ), that is, F(T ) = {x ∈C : x = T x}.
In 1922, Banach [2] established the famous fixed point result of a contractive mapping in complete

metric spaces, known as the Banach’s contraction principle, which is an important tool for solving the
existence problem of nonlinear equations. Since then, many generalizations of this fixed point theorem
have been investigated in several directions.

In 1967, Browder [3] employed the Banach’s contraction principle to prove the existence of fixed
points of nonexpansive mappings in Banach spaces. For related existence results on fixed points of
nonexpansive mappings, we refer to [6, 8] and the references therein.

For nonexpansive mappings with fixed points, Mann iterative method is a ordinary tool to study them.
However, only weak convergence is guaranteed in infinite dimensional spaces. Let H be a Hilbert space
and let T : C→C be a nonexpansive mapping. In 1967, Halpern [5] introduced the following classical
iteration for fixed points of mapping T in space H:

xn+1 = αnu+(1−αn)T xn, n≥ 0,
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where αn ∈ (0,1) and u ∈C.

In 1992, Wittmann [15] studied the Halpern iteration and proved that the sequence {xn} generated
in above iteration converges strongly to a fixed point of nonexpansive mapping T in Hilbert space H if
{αn} satisfies the following conditions:

C1 : lim
n→∞

αn = 0; C2 :
∞

∑
n=0

αn = ∞; C3 :
∞

∑
n=0
|αn+1−αn|< ∞.

In 2000, Moudafi [10] introduced the following viscosity approximation method: x0 ∈C and

xn+1 = αn f (xn)+(1−αn)T xn, n≥ 0, (1.1)

where αn ∈ (0,1), f : C→C is a contraction and T : C→C is a noenxpasnvie mapping. He proved that
the sequence {xn} generated in (1.1) converges strongly to a fixed point of T and the fixed point also
solves some variational inequality if {αn} satisfies C1, C2 and C3. This result plays a fundamental role
in recent research on fixed-point iterations.

In 2006, Xu and Marino [16] extended Moudafi’s results [10] via the following general iteration:
x0 ∈ H and

xn+1 = (I−αnA)T xn +αnγ f (xn), n≥ 0, (1.2)

where {αn} ⊂ (0,1), γ is some real number, A is bounded linear operator H and T is a nonexpansive
mapping on H. If {αn} satisfies C1, C2 and C3, they proved that the sequence {xn} converges strongly
to x̂, where x̂ is also the unique solution of the following variational inequality

〈(I− f )x̂,x− x̂〉 ≥ 0, ∀x ∈ F(T ).

In 2004, Xu [17] investigate Moudafi’s viscosity method (1.1) in a Banach space E. He proved that
the sequence defined by (1.1) converges strongly to a fixed point of T and the fixed point also solves the
following generalized variational inequality

〈(I− f )x̂,J(x− x̂)〉 ≥ 0, x ∈ F(T ),

where J is the normal duality mapping provided that E is uniformly smooth and {αn} satisfies C1, C2
and C3; see [17] and the references therein.

In 2008, Yao, Yao and Zhou [19] considered and analyzed a new viscosity iterative scheme for finding
the common fixed point of a sequence of nonexpansive mappings in reflexive Banach spaces: x1 ∈C and

xn+1 = αn f (xn)+βxn +(1−αn−β )Wnxn, n≥ 1, (1.3)

where {αn} ⊂ (0,1), β is a constant in (0,1) and Wn is the W -mapping which is defined by Shimoji and
Takahashi [11]. They proved that {xn} converges strongly to a common fixed point x̂ of the nonexpansive
mappings and x̂ is also the unique solution of variational inequality

〈(I− f )x̂,x− x̂〉 ≥ 0, x ∈ F(Wn),

provided that {αn} satisfies C1 and C2.
Let C be a nonempty subset of a real Banach space X . Let 4 denote the diagonal of the cartesian

product C×C. Consider a directed graph G such that the set V (G) of its vertices coincides with C, and
the set E(G) of its edge with 4 ⊆ E(G). We assume G has no parallel edge. So we can identify the
graph G with the pair (V (G),E(G)). A mapping T : C→C is said to be

1. G-contraction if T satisfies the conditions:
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(i) T preserves edges of G, i.e.,

(x,y) ∈ E(G)⇒ (T x,Ty) ∈ E(G), ∀(x,y) ∈ E(G);

(ii) T decreases weights of edges of G in the following way: there exists α ∈ (0,1) such that

(x,y) ∈ E(G)⇒‖T x−Ty‖ ≤ α‖x− y‖, ∀(x,y) ∈ E(G);

2. G-nonexpansive if T satisfies the conditions:
(i) T preserves edges of G, i.e.,

(x,y) ∈ E(G)⇒ (T x,Ty) ∈ E(G), ∀(x,y) ∈ E(G);

(ii) T non-increases weights of edges of G in the following way:

(x,y) ∈ E(G)⇒‖T x−Ty‖ ≤ ‖x− y‖, ∀(x,y) ∈ E(G).

In 2008, Jachymski [7] proved some generalizations of the Banach’s contraction principle in complete
metric spaces endowed with a graph. To be more precise, Jachymski proved the following result.

Theorem 1.1. [7] Let (X ,d) be a complete metric space. Assume that a triple (X ,d,G) has the following
property: for any sequence {xn} if xn→ x and (xn,xn+1) ∈ E(G) for n ∈ N and there is a subsequence
{xnk} of {xn} with (xnk ,x) ∈ E(G) for all n ∈ N. Let T : X → X be a G-contraction, and XT = {x ∈ X :
(x,T x) ∈ E(G)}. Then F(T ) 6= /0 if and only if XT 6= /0.

In 2015, Tiammee, Kaewkhao and Suantai [14] and Alfuraidan [1] employed the above theorem to
establish the existence and convergence results for G-nonexpansive mappings with graphs.

Motivated by Takahashi and Takahashi [13] and Yao, Yao and Zhou [19], we prove strong convergence
of two different viscosity approximation methods for G-nonexpansive mappings which was introduced
by Tiammee, Kaewkhao and Suantai [14] in a Hilbert space. Furthermore, we also provide some numer-
ical examples to support our main theorems.

2. PRELIMINARIES

Let H be a real Hilbert space with inner product 〈·, ·〉 and norm ‖·‖, respectively. Let C be a nonempty
closed convex subset of a real Hilbert space H. We write xn ⇀ x to indicate that the sequence {xn}
converges weakly to x and xn → x to indicate that {xn} converges strongly to x. Let A : C→ H be a
mapping. Recall that A is said to be β -inverse-strongly-monotone if there exists a positive real number
β such that

〈Au−Av,u− v〉 ≥ β‖Au−Av‖2, ∀u,v ∈C.

The classical variational inequality is to find x̂ ∈C such that

〈Ax̂,y− x̂〉 ≥ 0, ∀y ∈C. (2.1)

The set of solutions of variational inequality (2.1) is denote by V I(C,A). For every point x ∈ H, there
exists a unique nearest point in C, denoted by PCx, such that

‖x−PCx‖ ≤ ‖x− y‖

for all y ∈C. PC is called the metric projection of H onto C.
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Lemma 2.1. [12] Let C be a convex subset of a Hilbert space H and let x ∈ H and y ∈ C. Then the
following are equivalent:
(i) ‖x− y‖= d(x,C);
(ii) 〈x− y,y− z〉 ≥ 0 for every z ∈C.

Lemma 2.2. Let H be a real Hilbert space. Then

‖x+ y‖2 ≤ ‖x‖2 +2〈y,x+ y〉, ∀x,y ∈ H.

Lemma 2.3. [18] Let {sn} be a sequence of non-negative real numbers satisfying

sn+1 ≤ (1−An)sn +AnBn +Cn, n≥ 0,

where {An}, {Bn} and {Cn} satisfy the conditions:

(i) {An} ⊂ [0,1],
∞

∑
n=0

An = ∞, or equivalently,
∞

∏
n=1

(1−An) = 0;

(ii) limsup
n→∞

Bn ≤ 0;

(iii) Cn ≥ 0 for all n≥ 0 and
∞

∑
n=0

Cn < ∞.

Then lim
n→∞

sn = 0.

Lemma 2.4. [9] Let {xn} and {yn} be bounded sequences in a Banach space X and let {βn} be a
sequence in [0,1] with 0 < liminfn→∞ βn ≤ limsupn→∞ βn < 1. Suppose xn+1 = βnyn +(1−βn)xn for all
integers n≥ 1 and limsupn(‖yn+1− yn‖−‖xn+1− xn‖)≤ 0. Then, limn→∞ ‖yn− xn‖= 0.

Lemma 2.5. [4] Let H be a real Hilbert space and let {xi}m
i=1 ⊆ H. For αi ∈ (0,1), i = 1,2, ...,m such

that ∑
m
i=1 αi = 1, the following identity holds:∥∥∥∥ m

∑
i=1

αixi

∥∥∥∥2

=
m

∑
i=1

αi‖xi‖2− ∑
1≤i< j≤m

αiα j‖xi− x j‖2.

Definition 2.1. Let G = (V (G),E(G)) be a directed graph. A graph G is said to be transitive if for any
x,y,z ∈V (G) such that (x,y) and (y,z) are in E(G), then (x,z) ∈ E(G).

Definition 2.2. Let G = (V (G),E(G)) be a directed graph. The set of edges E(G) is said to be convex if
for any (x,y),(z,w) ∈ E(G) and for each t ∈ (0,1), then (tx+(1− t)z, ty+(1− t)w) ∈ E(G).

Lemma 2.6. Let C be a nonempty closed convex subset of a Hilbert space H and let G = (V (G),E(G))

be a directed graph such that V (G) =C. Let T : C→C be a G-nonexpansive mappings. Then

〈x− y,(I−T )x− (I−T )y〉 ≥ 0, ∀(x,y) ∈ E(G).

Proof. Let (x,y) ∈ E(G). By the G-nonexpansiveness of T , we have

〈x− y,(I−T )x− (I−T )y〉= ‖x− y‖2−〈x− y,T x−Ty〉 ≥ 0.

�

Lemma 2.7. Let C be a nonempty subset of a Banach space X and G = (V (G),E(G)) a directed graph
such that V (G) = C. Let T : C→C be a G-nonexpansive mapping. Then, for any ε > 0, there exists a
positive number ξ (ε) > 0 such that ‖x−T x‖ < ε for all x ∈ co({x0,x1}), whenever for x0,x1 ∈C with
(x0,x),(x1,x) ∈ E(G), ‖x0−T x0‖ ≤ ξ (ε) and ‖x1−T x1‖ ≤ ξ (ε).
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Proof. Let x = (1−λ )x0 +λx1, for some λ ∈ [0,1] and ε > 0.
We consider the following two cases.
Case I. If ‖x0− x1‖< ε

3 , then

‖x− x0‖= λ‖x0− x1‖<
ε

3
.

If ξ (ε)< ε

3 , then

‖T x− x‖ ≤ ‖T x−T x0‖+‖T x0− x0‖+‖x0− x‖

≤ 2‖x− x0‖+‖T x0− x0‖

< 2
(ε

3
)
+ξ (ε)

< ε.

Case II. If ‖x0− x1‖ ≥ ε

3 , then, for any nonnegative number λ < ε

3‖x0−x1‖ ,

‖x− x0‖= λ‖x0− x1‖<
ε

3
.

If ξ (ε)< ε

3 and λ < ε

3‖x0−x1‖ , then

‖T x− x‖ ≤ ‖T x−T x0‖+‖T x0− x0‖+‖x0− x‖

≤ 2‖x− x0‖+‖T x0− x0‖

< 2
(ε

3
)
+ξ (ε)

< ε.

We may assume that λ ∈ [ ε

3‖x0−x1‖ ,1] and ‖x0− x1‖ ≥ ε

3 . It follows that

‖T x− x0‖ ≤ ‖T x−T x0‖+‖T x0− x0‖

≤ ‖x− x0‖+ξ (ε)

= λ‖x1− x0‖+ξ (ε) (2.2)

and

‖T x− x1‖ ≤ ‖T x−T x1‖+‖T x1− x1‖

≤ ‖x− x1‖+ξ (ε)

= (1−λ )‖x1− x0‖+ξ (ε). (2.3)

From (2.2), (2.3) and λ ∈ [ ε

3‖x0−x1‖ ,1], we get that

‖T x− x‖ ≤ (1−λ )‖T x− x0‖+λ‖T x− x1‖

≤ 2(1−λ )λ‖x1− x0‖+ξ (ε)

< ε.

�

We next prove the demiclosedness principle of G-nonexpansive mappings.
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Lemma 2.8. Let C be a nonempty, closed and convex subset of a reflexive Banach space X and G =

(V (G),E(G)) a directed graph such that V (G) = C. Let T : C→C be a G-nonexpansive mapping and
{xn} be a sequence in C such that xn ⇀ x for some x ∈ C. If there exists a subsequence {xnk} of {xn}
such that (xnk ,x) ∈ E(G) for all k ∈ N and {xn−T xn}→ y for some y ∈ X, then (I−T )x = y.

Proof. Let {xn} be a sequence in C such that xn ⇀ x and limn→∞ ‖xn−T xn−y‖= 0 for some y ∈ X . Set
Tyx = T x+ y, x ∈C. Then (I−Ty)xn = (I−T )xn− y. We may assume, without loss of generality, that
y = 0. By the assumption, there exists a subsequence {xnk} of {xn} such that (xnk ,x) ∈ E(G). We set
εnk = ‖xnk −T xnk‖. Let ε > 0. Since εnk → 0 as k→ ∞, there exists N ∈ N such that

εnk < ε, ∀k ≥ N.

Lemma 2.7 gives that, for each z∈ co({xnk : k≥N}), ‖z−T z‖< ε . By the weak compactness of co({xnk :
k ≥ N}), it contains the weak limit x of {xnk}. This shows that ‖x−T x‖< ε . Hence ‖x−T x‖= 0, that
is, x = T x, since ε is arbitrary. �

Proposition 2.1. Let C be a convex subset of a vector space X. Let G = (V (G),E(G)) be a directed
graph such that V (G) =C and E(G) is convex. Let G be transitive and f ,T : C→C be edge-preserving.
Let {xn} be a sequence defined by (1.1) and (x0, f (x0)) and (x0,T x0) are in E(G). If {xn} dominates x0,
then (xn,xn+1), (x0,xn), (xn, f (xn)) and (xn,T xn) are in E(G) for any n ∈ N.

Proof. We prove by induction. Since E(G) is convex, (x0, f (x0)) and (x0,T x0) are in E(G), we have
(x0,x1) ∈ E(G). Then ( f (x0), f (x1)) and (T x0,T x1) are in E(G), since f and T are edge-preserving. By
assumption, (x1,x0) ∈ E(G). Because G is transitive, we have that (x1, f (x1)) and (x1,T x1) are in E(G).
So, by convexity of E(G), we get (x1,x2) ∈ E(G). Next, assume that (xk,xk+1), (x0, f (xk)) and (x0,T xk)

are in E(G). Then ( f (xk), f (xk+1)) and (T xk,T xk+1) are in E(G), since f and T are edge-preserving.
From {x0} is dominated by {xn}, (xk+1,x0) ∈ E(G). Since G is transitive, we obtain that (xk+1, f (xk+1))

and (xk+1,T xk+1) are in E(G). By convexity of E(G), we get (xk+1,xk+2) ∈ E(G). So, by induction, we
can conclude that (xn,xn+1), (x0,xn), (xn, f (xn)) and (xn,T xn) are in E(G) for any n ∈ N. �

3. MAIN RESULTS

In this section, we prove the existence theorem and prove strong convergence of viscosity approxima-
tion methods for G-nonexpansive mappings in a Hilbert space endowed with a graph.

Theorem 3.1. Let C be a nonempty compact convex subset of a Hilbert space H and let G=(V (G),E(G))

be a directed graph such that V (G) =C and E(G) is convex. Let f : C→C be a G-contraction mapping
and let T : C→C be a G-nonexpansive mapping. Let tn ∈ (0,1) and n ∈ N. Define Ttn : C→C by

Ttnx = xn = (1− tn) f (x)+ tnT x, x ∈C.

Assume that, for every a subsequence {xnk} of {xn}, if xnk ⇀ z ∈C, then (xnk ,z),(xnk ,xnk+1) ∈ E(G) for
all k ∈ N and (z, f (z)),(z,T z) ∈ E(G). Then the following hold:
(i) there exist x̂k ∈C such that x̂k = Ttnk

x̂k for all k ∈ N;
(ii) if tn→ 1 as n→ ∞, then F(T ) 6= /0;
(iii) if F(T ) is closed convex and {xn} dominates to p for all p ∈ F(T ), there exists x̃ ∈ F(T ) such that
x̃ = PF(T ) f (x̃), or equivalently, x̃ is the unique solution in F(T ) to the variational inequality

〈(I− f )x̃,x∗− x̃〉 ≥ 0, x∗ ∈ F(T ),
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where P is the metric projection from H onto F(T ).

Proof. (i) Let x,y∈C such that (x,y)∈ E(G). It follows from f and T edge-preserving and the convexity
of E(G) that (Ttnx,Ttny) ∈ E(G) and

‖Ttnx−Ttny‖ ≤ (1− tn)‖ f (x)− f (y)‖+ tn‖T x−Ty‖

≤ (1− (1−α)(1− tn))‖x− y‖.

This implies that Ttn is G-contraction for all n∈N. Since C is compact, there exists a subsequence {Ttnk
x}

of {Ttnx} such that Ttnk
→ z for some z ∈C. It follows from the assumption and E(G) is convex that

(z,Ttnk
z) = (z,(1− tnk) f (z)+ tnk T z) ∈ E(G).

By the assumption again, we have (xnk ,z),(xnk ,xnk+1) ∈ E(G) for all k ∈N. Applying Theorem 1.1, there
exists x̂k ∈C such that Ttnk

x̂k = x̂k.

(ii) Let x̂k = (1− tnk) f (x̂k)+ tnk T x̂k. Since C is bounded, one has

‖x̂k−T x̂k‖ ≤ (1− tnk)‖ f (x̂k)−T x̂k‖

≤ (1− tnk)dim(C)→ 0

as tnk → 1 as k→ ∞. Since C is bounded, there exists a subsequence {x̂ki} of {x̂k} such that x̂ki ⇀ v ∈C
as i→∞. By the assumption, (x̂ki ,v) ∈ E(G). It follows from Lemma 2.8 that T v = v. We thus complete
the proof.

(iii) Since x̂k = (1− tnk) f (x̂k)+ tnk T x̂k, we have

(I− f )x̂k =
−tnk

1− tnk

(I−T )x̂k.

Since F(T ) is closed, we may assume, without loss of generality, that x̂k ⇀ x̃ ∈ F(T ) as k→ ∞. Thus,
for any x∗ ∈ F(T ),

〈(I− f )x̂k, x̂k− x∗〉 = − tnk

1− tnk

〈(I−T )x̂k, x̂k− x∗〉

= − tnk

1− tnk

〈(I−T )x̂k− (I−T )x∗, x̂k− x∗〉

≤ 0.

Taking the limit through tnk → 1 as k→ ∞, one has

〈(I− f )x̃, x̃− x∗〉 ≤ 0.

Since F(T ) is closed and convex, we conclude that x̃ is unique. This completes the proof. �

Theorem 3.2. Let C be a nonempty closed convex subset of a Hilbert space H and let G = (V (G),E(G))

be a directed graph such that V (G) = C, E(G) is convex and G is transitive. Let f : C→ C be a G-
contraction mapping and let T : C→C be a G-nonexpansive mapping such that F(T ) 6= /0. Let {αn} be
a sequence in (0,1) with C1, C2 and C3. Let x0 ∈C and {xn} be a sequence defined by

xn+1 = αn f (xn)+(1−αn)T xn,∀n≥ 0. (3.1)

Assume that the following hold:
(i) (x0, f (x0)) and (x0,T x0) are in E(G);
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(ii) F(T ) is closed and F(T )×F(T )⊆ E(G);
(iii) {xn} dominates x0 and p for all p ∈ F(T );
(iv) for every a subsequence {xnk} of {xn}, if xnk ⇀ x ∈C, then (xnk ,x) ∈ E(G) for all k ∈ N.
Then {xn} converges strongly to z = P f (z) and it is the unique solution of variational inequality

〈(I− f )z, p− z〉 ≥ 0, p ∈ F(T ),

where P is the metric projection on F(T ).

Proof. We first show that {xn} is bounded. Let p ∈ F(T ). By (iii), we have (xn, p) ∈ E(G) and

‖xn+1− p‖ = ‖αn f (xn)+(1−αn)T xn− p‖

≤ αn(‖ f (xn)− f (p)‖+‖ f (p)− p‖)+(1−αn)‖xn− p‖

≤ αn(α‖xn− p‖+‖ f (p)− p‖)+(1−αn)‖xn− p‖

= (1−αn(1−α))‖xn− p‖+αn(1−α)
1

1−α
‖ f (p)− p‖

≤ max
{
‖x0− p‖, 1

1−α
‖ f (z)− p‖

}
.

Hence {xn} is bounded. We also obtain that {T xn} and { f (xn)} are bounded. By Proposition 2.1, we
have

‖xn+1− xn‖ = ‖αn f (xn)+(1−αn)T xn−αn−1 f (xn−1)− (1−αn−1)T xn−1‖

= ‖αn f (xn)−αn f (xn−1)+αn f (xn−1)−αn−1 f (xn−1)

+ (1−αn)T xn− (1−αn)T xn−1 +(1−αn)T xn−1− (1−αn−1)T xn−1‖

≤ (1−αn(1−α))‖xn− xn−1‖+2K|αn−αn−1|,

where
K = sup{‖ f (xn)‖+‖T xn‖ : n ∈ N}.

By Lemma 2.3, we get

lim
n→∞
‖xn+1− xn‖= 0. (3.2)

Using (1.1), we have

‖xn−T xn‖ ≤ ‖xn− xn+1‖+‖xn+1−T xn‖

= ‖xn− xn+1‖+αn‖ f (xn)−T xn‖.

From C1 and (3.2), we obtain

lim
n→∞
‖xn−T xn‖= 0. (3.3)

Next, we show that
limsup

n→∞

〈 f (z)− z,xn− z〉 ≤ 0.

We know that F(T ) is convex provided that F(T )× F(T ) ⊆ E(G); see [14, Theorem 3.2]. By the
assumption (ii), we obtain that F(T ) is closed and convex. Hence, z = P f (z) is well-defined. Take a
subsequence {xnk} of {xn} such that

limsup
n→∞

〈 f (z)− z,xn− z〉= lim
k→∞

〈 f (z)− z,xnk − z〉.
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Because all the xnk lie in the weakly compact set C and the assumption (iv), we may assume, without
loss of generality, that xnk ⇀ y for some y ∈C and (xnk ,y) ∈ E(G). It follows from Lemma 2.8 and (3.3)
that y = Ty. Thus, by Theorem 3.1 (iii), we obtain

lim
k→∞

〈 f (z)− z,xnk − z〉= 〈 f (z)− z,y− z〉 ≤ 0.

Hence

limsup
n→∞

〈 f (z)− z,xn− z〉 ≤ 0. (3.4)

By Lemma 2.2, G-contractioness of f and the G-nonexpansiveness of T , we get

‖xn+1− z‖2 ≤ (1−αn)
2‖T xn− z‖2 +2αn〈 f (xn)− z,xn+1− z〉

≤ (1−αn)
2‖xn− z‖2 +2αn〈 f (xn)− f (z),xn+1− z〉+2αn〈 f (z)− z,xn+1− z〉

≤ (1−αn)
2‖xn− z‖2 +2αnα‖xn− z‖‖xn+1− z‖+2αn〈 f (z)− z,xn+1− z〉

≤ (1−αn)
2‖xn− z‖2 +αnα

{
‖xn− z‖2 +‖xn+1− z‖2}+2αn〈 f (z)− z,xn+1− z〉.

This implies that

‖xn+1− z‖2 ≤ 1−2αn +αnα

1−αnα
‖xn− z‖2 +

α2
n

1−αnα
‖xn− z‖2 +

2αn

1−αnα
〈 f (z)− z,xn+1− z〉

≤
(

1− 2(1−α)αn

1−αnα

)
‖xn− z‖2

+
2(1−α)αn

1−αnα

{
αn

2(1−α)
‖xn− z‖2 +

1
1−α

〈 f (z)− z,xn+1− z〉
}
.

Put An =
2(1−α)αn

1−ααn
and

Bn =
αn

2(1−α)
‖xn− z‖2 +

1
1−α

〈 f (z)− z,xn+1− z〉.

It follows from C1 and (3.4) that ∑
∞
n=0 An = ∞ and limsupn→∞ Bn ≤ 0. By Lemma 2.3, we can conclude

that

lim
n→∞
‖xn− z‖2 = 0.

Therefore {xn} converges strongly to z = P f (z). �

Remark 3.1. Theorem 3.2 extends the main result of Xu [17] from a nonexpansive mapping to a G-
nonexpansive mapping.

Theorem 3.3. Let C be a nonempty closed convex subset of a Hilbert space H and let G = (V (G),E(G))

be a directed graph such that V (G) = C, E(G) is convex and G is transitive. Let f : C→ C be a G-
contraction mapping and let T : C→ C be a G-nonexpansive mapping such that F(T ) 6= /0. Let {αn},
{βn} and {γn} be sequences in (0,1). Let x0 ∈C and {xn} be a sequence defined by

xn+1 = αn f (xn)+βnxn + γnT xn,∀n≥ 0. (3.5)

Assume that the following hold:
(i) there exists x0 ∈C such that (x0, f (x0)) and (x0,T x0) are in E(G);
(ii) F(T ) is closed and F(T )×F(T )⊆ E(G);
(iii) {xn} dominates x0 and p for all p ∈ F(T );
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(iv) for every a subsequence {xnk} of {xn}, if xnk ⇀ x ∈C, then (xnk ,x) ∈ E(G) for all k ∈ N;
(v) {αn} satisfies C1 and C2;
(vi) limsupn→∞ βn < 1 and liminfn→∞ βnγn > 0.
Then {xn} converges strongly to z = P f (z) and it is the unique solution of variational inequality

〈(I− f )z, p− z〉 ≥ 0, p ∈ F(T ),

where P is the metric projection on F(T ).

Proof. Let p ∈ F(T ). By (iii), we have (xn, p) ∈ E(G) and

‖xn+1− p‖ = ‖αn f (xn)+βnxn + γnT xn− p‖

≤ αn(‖ f (xn)− f (p)‖+‖ f (p)− p‖)+(βn + γn)‖xn− p‖

≤ αn(α‖xn− p‖+‖ f (p)− p‖)+(βn + γn)‖xn− p‖

= (1−αn(1−α))‖xn− p‖+αn(1−α)
1

1−α
‖ f (p)− p‖

≤ max
{
‖x0− p‖, 1

1−α
‖ f (z)− p‖

}
.

Hence {xn} is bounded. Consequently, we deduce that {T xn} and { f (xn)} are bounded. Setting

xn+1 = βnxn +(1−βn)sn,

one implies from (3.5) that

sn =
xn+1−βnxn

1−βn
=

αn f (xn)+ γnT xn

1−βn
.

Further, it follows that

sn+1− sn =
αn+1 f (xn+1)+ γn+1T xn+1

1−βn+1
− αn f (xn)+ γnT xn

1−βn

=
αn

1−βn

(
T xn− f (xn)

)
+

αn+1

1−βn+1

(
f (xn+1)−T xn

)
+

γn+1

1−βn+1

(
T xn+1−T xn

)
.

It follows from Proposition 2.1 that

‖sn+1− sn‖−‖xn+1− xn‖ ≤
αn

1−βn

(
‖T xn‖+‖ f (xn)‖

)
+

αn+1

1−βn+1

(
‖ f (xn+1)‖+‖T xn‖

)
+
( γn+1

1−βn+1
−1
)
‖xn+1− xn‖.

By the assumption (v) and (vi), we obtain

limsup
n→∞

{
‖sn+1− sn‖−‖xn+1− xn‖

}
≤ 0.

Hence, by Lemma 2.4, we have
lim
n→∞
‖sn− xn‖= 0. (3.6)

Now, we have

‖xn+1− xn‖ = ‖βnxn +(1−βn)sn− xn‖

= (1−βn)‖sn− xn‖.

It follows from (3.6) that
lim
n→∞
‖xn+1− xn‖= 0. (3.7)
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By (iii), we know that (xn, p) ∈ E(G) for all p ∈ F(T ). It follows from Lemma 2.5 that

‖xn+1− p‖2 = ‖αn f (xn)+βnxn + γnT xn− p‖2

≤ αn‖ f (xn)− p‖2 +βn‖xn− p‖2 + γn‖T xn− p‖2−βnγn‖xn−T xn‖2

≤ αn‖ f (xn)− p‖2 +(1−αn)‖xn− p‖2−βnγn‖xn−T xn‖2.

This implies that

βnγn‖xn−T xn‖2 ≤ αn‖ f (xn)− p‖2 +‖xn− p‖2−‖xn+1− p‖2. (3.8)

It follows from (v), (vi), (3.7) and (3.8) that

lim
n→∞
‖xn−T xn‖= 0. (3.9)

By the same proof in Theorem 3.2, we get

limsup
n→∞

〈 f (z)− z,xn− z〉 ≤ 0. (3.10)

By Lemma 2.2, G-contractioness of f and the G-nonexpansiveness of T , we get

‖xn+1− z‖2 ≤ ‖βn(xn− z)+ γn(T xn− z)‖2 +2αn〈 f (xn)− z,xn+1− z〉

≤
(
βn‖xn− z‖+ γn‖T xn− z‖

)2
+2ααn‖xn− z‖‖xn+1− z‖

+2αn〈 f (z)− z,xn+1− z〉

≤ (1−αn)
2‖xn− z‖2 +ααn

(
‖xn− z‖2 +‖xn+1− z‖

)
+2αn〈 f (z)− z,xn+1− z〉

=
(
1− 2(1−α)αn

1−αnα

)
‖xn− z‖2

+
2(1−α)αn

1−αnα

(
αn

2(1−α)
‖xn− z‖2 +

1
1−α

〈 f (z)− z,xn+1− z〉
)
.

Put An =
2(1−α)αn

1−αnα
and

Bn =
αn

2(1−α)
‖xn− z‖2 +

1
1−α

〈 f (z)− z,xn+1− z〉.

It follows from (v) and (3.10) that ∑
∞
n=0 An = ∞ and limsupn→∞ Bn ≤ 0. By Lemma 2.3, we obtain that

lim
n→∞
‖xn− z‖2 = 0.

Therefore {xn} converges strongly to z = P f (z). �

If T is a nonexpansive mapping, then we obtain the following corollary immediately.

Corollary 3.1. Let C be a nonempty closed convex subset of a Hilbert space H. Let f : C→ C be a
contraction mapping and let T : C→C be a nonexpansive mapping such that F(T ) 6= /0. Let {αn}, {βn}
and {γn} be sequences in (0,1). Let x0 ∈C and {xn} be a sequence defined by

xn+1 = αn f (xn)+βnxn + γnT xn,∀n≥ 0. (3.11)

Assume that the following hold:
(i) {αn} satisfies C1 and C2;
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(ii) limsupn→∞ βn < 1 and liminfn→∞ βnγn > 0.
Then {xn} converges strongly to z = P f (z) and it is the unique solution of variational inequality

〈(I− f )z, p− z〉 ≥ 0, p ∈ F(T ),

where P is the metric projection on F(T ).

4. NUMERICAL EXAMPLES

In this section, we give examples and numerical results for supporting our main theorem.

Example 4.1. Let H = R and C = (0,2]. Suppose that {xn} generated by (3.1). Assume that (x,y) ∈
E(G) if and only if 7

10 ≤ x,y≤ 2 or x = y. Define two mappings f ,T : C→C by

f (x) =
x2 +2

4x
and T x = e

2
3 (1−x),

for any x ∈C. It is easy to check that f is G-contraction and T is G-nonexpansive. On the other hand, f
is not contraction and T is not nonexpansive since for x = 7

10 and y = 1
10 . This implies that

| f (x)− f (y)|> 3
5
> a|x− y|,

for all a ∈ (0,1) and

|T x−Ty|> 3
5
= |x− y|.

Let αn =
1

10n+3 . We know that {αn} satisfies C1, C2 and C3. Choose x0 =
3
2 . By computing, we obtain

the sequence {xn} generated by (3.1) converges to 1. Then we show the error plotting ‖xn+1− xn‖.

Figure 1. Error plots of ‖xn+1− xn‖.

Example 4.2. Let H = R and C = (0,2]. Suppose that {xn} generated by (3.5). Assume that (x,y) ∈
E(G) if and only if 7

10 ≤ x,y≤ 2 or x = y. Define two mappings f ,T : C→C by

f (x) =
x2 +2

4x
and T x = e

2
3 (1−x),

for any x ∈C. By Example 4.1, we know that f is G-contraction and T is G-nonexpansive. Let

αn =

{
1

100(
√

n+1−1)
, if n is odd;

1
100
√

n+1
, if n is even.
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We know that {αn} satisfies C1 and C2 but not C3. Let

βn =

{
98
√

n+1−99
100(
√

n+1−1)
, if n is odd;

49
50 , if n is even

and

αn =

{
1
50 , if n is odd;
2
√

n+1−1
100
√

n+1
, if n is even.

Choose x0 =
3
2 . By computing, we obtain the sequence {xn} generated by (3.5) converges to 1. Then we

show the error plotting ‖xn+1− xn‖.

Figure 2. Error plots of ‖xn+1− xn‖.
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