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VISCOSITY APPROXIMATION METHODS FOR FIXED POINT PROBLEMS IN HILBERT
SPACES ENDOWED WITH GRAPHS

W. CHOLAMIJIAK', S. SUANTAI?, R. SUPARATULATORN?, S. KESORNPROM', P. CHOLAMIJIAK !*

ISchool of Science, University of Phayao, Phayao 56000, Thailand
2Department of Mathematics, Faculty of Science, Chiang Mai University, Chiang Mai 50200, Thailand

Abstract. In this paper, we investigate the existence of fixed points for G-nonexpansive mappings and prove strong convergence
theorems of a sequence generated by two different viscosity approximation methods for finding fixed points of these mappings
in a Hilbert space with a directed graph. We also give examples and numerical results to support our main convergence theorem.
Keywords. Bregman best proximity point; Fixed point; Bregman proximal pointwise contraction; Cyclic mapping; Property
BUC.

2010 Mathematics Subject Classification. 47H09, 65K15.

1. INTRODUCTION

Let C be a nonempty, closed and convex subset of a normed space X. A mapping T : C — C is said to
be

1. contraction if there exists o € (0,1) such that ||7x —Ty|| < a|x—y|| forall x,y € C;

2. nonexpansive if || Tx —Ty|| < |[x—y|| for all x,y € C.

The fixed-point set of T is denoted by F(T'), thatis, F(T) = {x € C:x = Tx}.

In 1922, Banach [2] established the famous fixed point result of a contractive mapping in complete
metric spaces, known as the Banach’s contraction principle, which is an important tool for solving the
existence problem of nonlinear equations. Since then, many generalizations of this fixed point theorem
have been investigated in several directions.

In 1967, Browder [3] employed the Banach’s contraction principle to prove the existence of fixed
points of nonexpansive mappings in Banach spaces. For related existence results on fixed points of
nonexpansive mappings, we refer to [6, 8] and the references therein.

For nonexpansive mappings with fixed points, Mann iterative method is a ordinary tool to study them.
However, only weak convergence is guaranteed in infinite dimensional spaces. Let H be a Hilbert space
and let T : C — C be a nonexpansive mapping. In 1967, Halpern [5] introduced the following classical
iteration for fixed points of mapping 7 in space H:

Xnt1 = Qi+ (1= 04)Txy, n >0,
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where o, € (0,1) and u € C.

In 1992, Wittmann [15] studied the Halpern iteration and proved that the sequence {x,} generated
in above iteration converges strongly to a fixed point of nonexpansive mapping 7 in Hilbert space H if
{0y} satisfies the following conditions:

Cl:limoa, =0; C2:) oy =00 C3:) [Ohp1— 0| < oo.
n=0 n=0

n—yoo

In 2000, Moudafi [10] introduced the following viscosity approximation method: xy € C and
X1 = 0 f(xn)+ (1 — ;) Tx,, n>0, (1.1

where o, € (0,1), f: C — Cis a contraction and T : C — C is a noenxpasnvie mapping. He proved that
the sequence {x,} generated in (1.1) converges strongly to a fixed point of 7 and the fixed point also
solves some variational inequality if {o,} satisfies C1, C2 and C3. This result plays a fundamental role
in recent research on fixed-point iterations.

In 2006, Xu and Marino [16] extended Moudafi’s results [10] via the following general iteration:
X0 € H and

Xnt1 = (I — 0,A)Txy + O Yf(x,), >0, (1.2)

where {a,} C (0,1), 7 is some real number, A is bounded linear operator H and 7 is a nonexpansive
mapping on H. If {a,} satisfies C1, C2 and C3, they proved that the sequence {x,} converges strongly
to X, where % is also the unique solution of the following variational inequality

(I—-f)x,x—x)>0, VxeF(T).

In 2004, Xu [17] investigate Moudafi’s viscosity method (1.1) in a Banach space E. He proved that
the sequence defined by (1.1) converges strongly to a fixed point of 7T and the fixed point also solves the
following generalized variational inequality

(I f)EJ(x~5) >0, xe F(T),

where J is the normal duality mapping provided that E is uniformly smooth and {0, } satisfies C1, C2
and C3; see [17] and the references therein.

In 2008, Yao, Yao and Zhou [19] considered and analyzed a new viscosity iterative scheme for finding
the common fixed point of a sequence of nonexpansive mappings in reflexive Banach spaces: x; € C and

Xnr1 = O f(xp) + Bxn+ (1 — 0y — B)Wyxy, n>1, (1.3)

where {a,,} C (0,1), B is a constant in (0, 1) and W, is the W-mapping which is defined by Shimoji and
Takahashi [11]. They proved that {x, } converges strongly to a common fixed point £ of the nonexpansive
mappings and £ is also the unique solution of variational inequality

(I=f)X,x=X) =0, x€ F(W,),

provided that {o, } satisfies C1 and C2.

Let C be a nonempty subset of a real Banach space X. Let A denote the diagonal of the cartesian
product C x C. Consider a directed graph G such that the set V(G) of its vertices coincides with C, and
the set E(G) of its edge with A C E(G). We assume G has no parallel edge. So we can identify the
graph G with the pair (V(G),E(G)). A mapping T : C — C is said to be

1. G-contraction if T satisfies the conditions:
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(i) T preserves edges of G, i.e.,
(x,y) € E(G) = (Tx,Ty) € E(G), Y(x,y) € E(G);
(ii) T decreases weights of edges of G in the following way: there exists & € (0, 1) such that
(%) € E(G) = [[Tx = Ty|| < eeflx—yl|, V(x,y) € E(G);

2. G-nonexpansive if T satisfies the conditions:
(i) T preserves edges of G, i.e.,

(x,y) € E(G) = (Tx,Ty) € E(G), ¥(x,y) € E(G);
(i1) T non-increases weights of edges of G in the following way:
(,y) € E(G) = [[Tx=Ty| < [x =y, ¥(x,y) € E(G).

In 2008, Jachymski [7] proved some generalizations of the Banach’s contraction principle in complete
metric spaces endowed with a graph. To be more precise, Jachymski proved the following result.

Theorem 1.1. [7] Let (X,d) be a complete metric space. Assume that a triple (X ,d, G) has the following
property: for any sequence {x,} if x, — x and (x,,x,+1) € E(G) for n € N and there is a subsequence
{xn.} of {x,} with (x,,,,x) € E(G) foralln € N. Let T : X — X be a G-contraction, and Xr = {x € X :
(x,Tx) € E(G)}. Then F(T) # 0 if and only if X7 # 0.

In 2015, Tiammee, Kaewkhao and Suantai [14] and Alfuraidan [1] employed the above theorem to
establish the existence and convergence results for G-nonexpansive mappings with graphs.

Motivated by Takahashi and Takahashi [13] and Yao, Yao and Zhou [19], we prove strong convergence
of two different viscosity approximation methods for G-nonexpansive mappings which was introduced
by Tiammee, Kaewkhao and Suantai [14] in a Hilbert space. Furthermore, we also provide some numer-
ical examples to support our main theorems.

2. PRELIMINARIES

Let H be a real Hilbert space with inner product (-,-) and norm || - ||, respectively. Let C be a nonempty
closed convex subset of a real Hilbert space H. We write x, — x to indicate that the sequence {x,}
converges weakly to x and x, — x to indicate that {x,} converges strongly to x. Let A:C — H be a
mapping. Recall that A is said to be B-inverse-strongly-monotone if there exists a positive real number
B such that

(Au—Av,u —v) > Bl|Au—Av|]?>, Vu,v € C.
The classical variational inequality is to find x € C such that
(Ax,y—%) >0, WyeC. 2.1

The set of solutions of variational inequality (2.1) is denote by VI(C,A). For every point x € H, there
exists a unique nearest point in C, denoted by Fcx, such that

[lx = Fex|| < [lx =yl

forall y € C. Fc is called the metric projection of H onto C.
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Lemma 2.1. [12] Let C be a convex subset of a Hilbert space H and let x € H and y € C. Then the

following are equivalent:
(@) [lr =yl = d(x,C);
(ii) (x—y,y—2z) >0 foreveryz € C.

Lemma 2.2. Let H be a real Hilbert space. Then
x4+ y01? < lell* +2(n,x+y), Vx,y€H.

Lemma 2.3. [18] Let {s,} be a sequence of non-negative real numbers satisfying
Sni1 < (1—=Ap)sy +AuBy +C,, 120,

where {A,}, {B,} and {C,} satisfy the conditions:

(i) {A,} C ]0,1], iAn = oo, or equivalently, ﬁ(l —A,) =0;

n=0 n=1
(ii) limsupB, < 0;
n—soo
(iii) C, > 0 for alln > 0 and Z C, < oo,
n=0

Then lim s, = 0.
n—yoo

Lemma 2.4. [9] Let {x,} and {y,} be bounded sequences in a Banach space X and let {fB,} be a
sequence in [0, 1] with 0 < liminf, . 8, < limsup,_,., B, < 1. Suppose x,+1 = Buyn+ (1 — Bn)x, for all
integers n > 1 and imsup,,(||yn+1 — ynll = [|[Xn+1 — xn||) < 0. Then, lim,_e ||yn — X4|| = 0.

Lemma 2.5. [4] Let H be a real Hilbert space and let {x;}!" | C H. For o; € (0,1),i =1,2,...,m such
that Yi' | o; = 1, the following identity holds:

m 2 m

Y ool =Y aillxilP— Y onollxi — x|

i=1 i=1 1<i<j<m

Definition 2.1. Let G = (V(G),E(G)) be a directed graph. A graph G is said to be transitive if for any
x,¥,z € V(G) such that (x,y) and (y,z) are in E(G), then (x,z) € E(G).

)
Definition 2.2. Let G = (V(G),E(G)) be a directed graph. The set of edges E(G) is said to be convex if
for any (x,y), (z,w) € E(G) and for each t € (0,1), then (tx+ (1 —1)z,ty+ (1 —1)w) € E(G).

Lemma 2.6. Let C be a nonempty closed convex subset of a Hilbert space H and let G = (V(G),E(G))
be a directed graph such that V(G) = C. Let T : C — C be a G-nonexpansive mappings. Then

Proof. Let (x,y) € E(G). By the G-nonexpansiveness of 7, we have
(=3 (I =T)x— (I~ T)y) = |x—y|2 = (x— 3, Tx—Ty) > 0.
O

Lemma 2.7. Let C be a nonempty subset of a Banach space X and G = (V(G),E(G)) a directed graph
such that V(G) = C. Let T : C — C be a G-nonexpansive mapping. Then, for any € > 0, there exists a
positive number & (€) > 0 such that ||x — Tx|| < € for all x € co({xy,x1}), whenever for xo,x, € C with
(x0,%), (x1,x) € E(G), ||lxo — Txo|| < &(€) and ||x; — Txi|| < E(¢).
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Proof. Let x = (1 —A)xo+ Axy, for some A € [0,1] and € > 0.
We consider the following two cases.
Case I If ||xo — x1 || < §. then

€
=30l = Ao —xt | < 5.

If §(g) < £, then

A

1Tx—x]| 1Tx = Txo]| + [|Tx0 — xo[ + [|}xo — ]|

IN

2]x —xo[| + [ Tx0 — x|
€
2(3)+4(e)

E.

VANV

Case IL If ||xo — x1|| > £, then, for any nonnegative number A < m

€
e =xol| = Aflxo =21 < 5
If§(£> < % and A < m, then

1Tx— x|

IN

1T = Txo| + [ Txo — xol| + [0 — ]

A

2] —xo[| + [ Tx0 — x|
€
2(3)+4(e)

E.

ANV

We may assume that A € [m, 1] and ||xo —x; || > §. It follows that

ITx—=xoll < [ITx=Txol[ + [|Tx0 —xo
[lx = xol| + G (&)
Allxr —xol| + & (€) (2.2)

IN

and
[Tx—xil| < [|Tx=Txy| +Tx1 — x|
< x=xll+&(e)
= (1=A)[]x; —xo|]| +&(e). (2.3)
From (2.2), (2.3) and A € [m, 1], we get that
Tx-x] < (1-2)Tx—x] + 275 x|
21— M)A — ol +E(e)

€.

N

N

We next prove the demiclosedness principle of G-nonexpansive mappings.
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Lemma 2.8. Let C be a nonempty, closed and convex subset of a reflexive Banach space X and G =
(V(G),E(G)) a directed graph such that V(G) = C. Let T : C — C be a G-nonexpansive mapping and
{xn} be a sequence in C such that x, — x for some x € C. If there exists a subsequence {x,,} of {x,}
such that (x,,,x) € E(G) for all k € N and {x, — Tx,} —y for some y € X, then (I — T )x =y.

Proof. Let {x,} be a sequence in C such that x,, — x and lim,,_,c ||x,, — Tx,, — y|| = 0 for some y € X. Set
Tyx=Tx+y,x€C. Then (I — Ty)x, = (I — T)x, —y. We may assume, without loss of generality, that
y = 0. By the assumption, there exists a subsequence {x,, } of {x,} such that (x,,,x) € E(G). We set
€y, = ||%n, — Txy,||. Let € > 0. Since €,, — 0 as k — oo, there exists N € N such that

&, <€, Vk>N.

Lemma 2.7 gives that, for each z € co({xy, : k> N}), ||z—Tz|| < €. By the weak compactness of co({x,, :
k > N}), it contains the weak limit x of {x,, }. This shows that |x — Tx|| < €. Hence ||x — Tx|| = 0, that
is, x = Tx, since € is arbitrary. O

Proposition 2.1. Let C be a convex subset of a vector space X. Let G = (V(G),E(G)) be a directed
graph such that V(G) = C and E(G) is convex. Let G be transitive and f,T : C — C be edge-preserving.
Let {x,} be a sequence defined by (1.1) and (xy, f(x0)) and (xo,Txo) are in E(G). If {x,} dominates x,
then (Xn,%n+1), (X0,Xn), (Xn, f(xn)) and (x,,Tx,) are in E(G) for any n € N.

Proof. We prove by induction. Since E(G) is convex, (xo, f(xp)) and (xo,Txo) are in E(G), we have
(x0,x1) € E(G). Then (f(xo), f(x1)) and (Txo,Tx) are in E(G), since f and T are edge-preserving. By
assumption, (x1,x9) € E(G). Because G is transitive, we have that (x;, f(x;)) and (x;,Tx;) are in E(G).
So, by convexity of E(G), we get (x1,x2) € E(G). Next, assume that (x,xx+1), (%0, f(xx)) and (xo, Txy)
are in E(G). Then (f(xx), f(xxk+1)) and (Txg, Txpi1) are in E(G), since f and T are edge-preserving.
From {xo} is dominated by {x,}, (xx+1,X0) € E(G). Since G is transitive, we obtain that (xgt1, f(xk+1))
and (xg+1,Txx41) are in E(G). By convexity of E(G), we get (xg+1,Xx+2) € E(G). So, by induction, we
can conclude that (x,,X,+1), (X0,%n), (Xu, f(x,)) and (x,, Tx,) are in E(G) for any n € N. O

3. MAIN RESULTS

In this section, we prove the existence theorem and prove strong convergence of viscosity approxima-
tion methods for G-nonexpansive mappings in a Hilbert space endowed with a graph.

Theorem 3.1. Let C be a nonempty compact convex subset of a Hilbert space H and let G = (V(G),E(G))
be a directed graph such that V(G) = C and E(G) is convex. Let f : C — C be a G-contraction mapping
and let T : C — C be a G-nonexpansive mapping. Let t, € (0,1) and n € N. Define T, : C — C by

Tx=x,=(1—1t,)f(x)+1,Tx, x€C.

Assume that, for every a subsequence {x,,} of {x,}, if Xxo, = 2 € C, then (x,,z), (X, Xn,,,) € E(G) for
allk € Nand (z, f(2)),(z,Tz) € E(G). Then the following hold:

(i) there exist £, € C such that £, = T, Xk for all k € N;

(ii) if ty = 1 as n — oo, then F(T) # 0;

(iii) if F(T) is closed convex and {x,} dominates to p for all p € F(T), there exists X € F(T) such that
X=Pr)f (%), or equivalently, % is the unique solution in F(T) to the variational inequality

(I-fx,x"—%) >0, x" € F(T),
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where P is the metric projection from H onto F(T).

Proof. (i) Letx,y € Csuchthat (x,y) € E(G). It follows from f and T edge-preserving and the convexity
of E(G) that (T, x,T;y) € E(G) and
1T,x =Tyl < (1=w)[lf () = D)+l Tx = Ty||
< (I=(=o)(1=t))[lx=yl-

This implies that 7;, is G-contraction for all n € N. Since C is compact, there exists a subsequence {T,nkx}
of {7;,x} such that 7;, — z for some z € C. It follows from the assumption and E£(G) is convex that

(2T, 2) = (2, (1 = 1) f(2) +1,T2) € E(G).

By the assumption again, we have (x,,,z), (Xu,,Xn,.,) € E(G) for all k € N. Applying Theorem 1.1, there
exists £ € C such that T,nkﬁk = X

(ii) Let £, = (1 — 1) f (&) + 1, T%. Since C is bounded, one has

1B = TR < (1=t )llf (Be) = TRl
< (1—ty)dim(C) =0

as t,, — 1 as k — co. Since C is bounded, there exists a subsequence {fy, } of {£} such that £, ~veC
as i — oo, By the assumption, (£,,v) € E(G). It follows from Lemma 2.8 that 7v = v. We thus complete
the proof.

(iif) Since £ = (1 —1,,) f (Xx) + 1, T X, we have

—1
(U= f)f=—=(—T)&
11,

Since F(T) is closed, we may assume, without loss of generality, that £, — ¥ € F(T) as k — oo. Thus,
for any x* € F(T),

A A * f A A *
<(1_f)xk,)€k—x > = —%((I—T)xk,xk—x >
n

t
= B ((I-T)&— I —-T)x* % —x*)
1—t,

0.

IA

Taking the limit through #,, — 1 as k — oo, one has

(I—[f)x,x—x") <0

Since F(T) is closed and convex, we conclude that ¥ is unique. This completes the proof. 0

Theorem 3.2. Let C be a nonempty closed convex subset of a Hilbert space H and let G = (V(G),E(G))
be a directed graph such that V(G) = C, E(G) is convex and G is transitive. Let f : C — C be a G-
contraction mapping and let T : C — C be a G-nonexpansive mapping such that F(T) # 0. Let {a, } be
a sequence in (0,1) with C1, C2 and C3. Let xo € C and {x,} be a sequence defined by

Xn1 = O f (%) + (1 — 0t;)Tx,, YV > 0. 3.1

Assume that the following hold:
(i) (x0,f(x0)) and (x0,Tx0) are in E(G);
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(ii) F(T) is closed and F(T) x F(T) C E(G);

(iii) {x,} dominates xo and p for all p € F(T);

(iv) for every a subsequence {xn } of {xn}, if x,, — x € C, then (x,,,x) € E(G) for all k € N.
Then {x,} converges strongly to z = Pf(z) and it is the unique solution of variational inequality

(I=fz,p—2) >0, pe F(T),

where P is the metric projection on F(T).

Proof. We first show that {x,} is bounded. Let p € F(T). By (iii), we have (x,, p) € E(G) and

[xn+1 =Pl = [lof (%) + (1 — 04)Tx, — p||
< ou([lf ) = FP+ £ (P) = Pl + (1 — ) [lxa — P
< ou(allx —pll+[f(p) = pll) + (1 — o) |lx. — pl

(1= (1 = @) b — pll + 001~ o) - [17(p) ~ |

< max {Jlxo — pll, 72— 7<)~ oI}
Hence {x,} is bounded. We also obtain that {Tx,} and {f(x,)} are bounded. By Proposition 2.1, we
have
et =l = 0f (o) + (1= 0) T — @1 f (1) — (1 — G 1) T
= [0t f (xn) = Qnf (Xn—1) + X f (Xn—1) — 1. (Xn-1)
+ (1= 06)Tx, — (1 = 0y) Txp—1+ (1 — 06,) Txp—1 — (1 — Q1) Tyt ||

< (1—o0p(1—0))||xy — xn—1 ||+ 2K |0ty — Q1]

where
K = sup{[|f(xa) || + I : n € N}.

By Lemma 2.3, we get

lim ||x,41 —x,|| = 0. (3.2)
n—soo
Using (1.1), we have
[0 = Txall < [l = Xt |+ [[001 — Toxa|

= o = xnsr [+ O [ f (o) = T
From C1 and (3.2), we obtain
lim ||x, — Tx,|| = 0. (3.3)
n—co

Next, we show that
limsup(f(z) —z,x, —z) < 0.

n—oo

We know that F(T) is convex provided that F(T) x F(T) C E(G); see [14, Theorem 3.2]. By the
assumption (ii), we obtain that F(T) is closed and convex. Hence, z = Pf(z) is well-defined. Take a
subsequence {x,, } of {x,} such that

limsup(f(z) — z,x, —2) = lim (f(2) — 2,%, — 2)-

n—soo k—seo
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Because all the x,, lie in the weakly compact set C and the assumption (iv), we may assume, without
loss of generality, that x,, — y for some y € C and (x,,,y) € E(G). It follows from Lemma 2.8 and (3.3)
that y = T'y. Thus, by Theorem 3.1 (iii), we obtain

lim (f(2) =z, —2) = (f(2) =2y —2) 0.
Hence

limsup(f(z) —z,x, —z) <O0. (3.4)

n—yoo

By Lemma 2.2, G-contractioness of f and the G-nonexpansiveness of T, we get

Poner —2l? < (1= 0)?|1 T — 21 4+ 206 (f () = 2,301 = 2)
< (U= 00)?[n —2l® + 200 (f (n) = f(2) Xns1 = 2) +206(f(2) =2, X041 —2)
< (1= 00) [ = 2% 20 el — 2 [Pt — 2 +200(f (2) = 25041 —2)
< (1= 00) [ =2l + o { [ln =2l + st = 27} +200(f (2) = 26041 —2).-

This implies that
2

1-20, + a0 o 200
—z|)? =0T, o G o L0n B B
X1 —2l]* < —aa [l — 2| +1—anaHx" Z|l +1_ana(f(z) 2 Xngl —2)
21— o)«
< (1(1)")‘|an”2
— o0
2(1-o)oy ¢ o , 1
1—o,o {2(1—05)”)6”_ZH +m<f(z)—z7xn+1—z>}.
PutA, = 2(11__; O)f” and
0ty , 1
By=———|lxn — — _ —2).
n 2(1_06)”)% ZH +1—06<f(z) 2, Xn41—2)

It follows from C1 and (3.4) that },”_;A, = o and limsup,_,., B, < 0. By Lemma 2.3, we can conclude
that

lim ||x, —z||* = 0.
n—oo
Therefore {x,} converges strongly to z = Pf(z). O

Remark 3.1. Theorem 3.2 extends the main result of Xu [17] from a nonexpansive mapping to a G-
nonexpansive mapping.

Theorem 3.3. Let C be a nonempty closed convex subset of a Hilbert space H and let G = (V(G),E(G))
be a directed graph such that V(G) = C, E(G) is convex and G is transitive. Let f : C — C be a G-
contraction mapping and let T : C — C be a G-nonexpansive mapping such that F(T) # 0. Let {c,},
{Bn} and {y,} be sequences in (0,1). Let xo € C and {x,} be a sequence defined by

Xp+1 = anf(xn) +ﬁnxn + ’)/nTXn,Vl’l > 0. (3.5)

Assume that the following hold:

(i) there exists xo € C such that (xo, f(x0)) and (xo,Txo) are in E(G);
(ii) F(T) is closed and F(T) x F(T) C E(G);

(iii) {x, } dominates xy and p for all p € F(T);
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(iv) for every a subsequence {x, } of {x,}, if x,, = x € C, then (x,,,x) € E(G) for all k € N;
(v) {a,} satisfies CI1 and C2;

(vi) limsup,,_,., B, < 1 and liminf, . B,%, > 0.

Then {x,} converges strongly to z = Pf(z) and it is the unique solution of variational inequality

(I=f)z,p=2) 20, pe F(T),
where P is the metric projection on F(T).
Proof. Let p € F(T). By (iii), we have (x,,p) € E(G) and
w1 =Pl = ([0 (xn) + Buxn + 1 Txn — pl|
< O([lf ) = f (P + 17 (P) = PID + (Ba+ 1) [l — P
O (et|xn = pll + 11 (P) = PII) + (Ba + %) 1xn — pll

= (e =@l —pll + ol — )L f(p) ~pl

A

IN

1
< max {lxo—pll, 7= 1) = pll}-
Hence {x,} is bounded. Consequently, we deduce that {Tx,} and { f(x,)} are bounded. Setting
Xn+1 = ann + (1 - Bn)sn;

one implies from (3.5) that
5 = Xn+1 — ann _ anf(xn) + YnTxn
" 1-B. 1-B. ‘

Further, it follows that
anJrlf(anrl) + Y1 Txp41 . anf(xn) + T x,

Spal—S8, =
" " 1fﬁn+1 1*ﬁn
oy Oyt Yo+1
= Tx,— f(x3))+ ———(f(xne1) = Txp) + ———— (Txpe1 — Tx,,).
1*Bn( n f(n)) lfﬁn+1(f(n+) n) I*BnJrl( n+ n)
It follows from Proposition 2.1 that
(04 Oh+-1
l[sn+1 = snll = [[Xne1 — x| < " (1Tl + £ ) 1) 4+ 72— (I s ) | + [ Tl
1— Bn 1— ﬁn+1
Ya+1
+ — 1) ||xp1 — x|
(T2 = Dl =
By the assumption (v) and (vi), we obtain
limsup{”sn+1 — S| — | xn+1 —x,,H} <0.
n—soo
Hence, by Lemma 2.4, we have
lim [|s, — x,|| = 0. (3.6)
n—roo
Now, we have
[%ns1 —=2all = ||Buxn + (1= Bu)sn — Xall

= (1= Bu)llsn —xall-
It follows from (3.6) that

lim [| X1 — Xu|| = 0. 3.7)
n—soo
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IA
2
=
=

S

(
Penrr =pl? = [lowf (xn) + Bax + 1T — plI?
(xn) =PI + Ballxn =PI + %all Toxw = P11 = Baalbn — T
Ol (n) = PP + (1= 0) [0 — pII* = BuYa 120 — Toxal .

IN

This implies that
Butlln — Txal® < 0tall £ (xa) =PI+ [0 = pII* = [xa1 — 1% (3:8)

It follows from (v), (vi), (3.7) and (3.8) that

lim ||x, — Tx,|| = 0. (3.9)
n—sco
By the same proof in Theorem 3.2, we get
limsup(f(z) —z,x, —z) <O0. (3.10)
n—soo

By Lemma 2.2, G-contractioness of f and the G-nonexpansiveness of T, we get
Penrr =2l < 11Ba (v —2) + W(Totw = 2)|I” + 200 f () = 2, X011 —2)
2
< (Bullben — 2l + %l Txa —2) ™ + 200 xn — 2]l a1 — 2]

+20,(f(2) — 2, Xn+1 — 2)

< (1_an)szn_Z”z—f-OCOtn(”xn—Z||2—|-||xn+1_ZH)
+206,(f(2) = 2, Xn+1 —2)
2(1 —oa)ay, 5
= (- ——— —
( 1—o,a )l =2l
2(1 _a)an (0/% 5 1
+ 1—o,a (2(1—a)||x"_ZH + 1_a<f(z)—z,xn+1—z) .
PutA, = 2(11:51 )% and
a, s 1
B —_ % o L
" 2(1—oc)||x" o+ 1_a<f(Z) 2 Xnt1 — 2)

It follows from (v) and (3.10) that } " j A, = o and limsup,,_,., B, < 0. By Lemma 2.3, we obtain that
lim ||x, —z||* = 0.
n—yeo
Therefore {x,} converges strongly to z = Pf(z). O
If T is a nonexpansive mapping, then we obtain the following corollary immediately.

Corollary 3.1. Let C be a nonempty closed convex subset of a Hilbert space H. Let f : C — C be a
contraction mapping and let T : C — C be a nonexpansive mapping such that F(T) # 0. Let {a, }, {B.}
and {7, } be sequences in (0,1). Let xo € C and {x,} be a sequence defined by

Xn+1 = anf(xn) Jrann +YnTxnvvn > 0. (3.11)

Assume that the following hold:
(i) {0} satisfies C1 and C2;
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(ii) limsup,,_,., By < 1 and liminf,_.. 3,7, > 0.
Then {x,} converges strongly to z = Pf(z) and it is the unique solution of variational inequality

<(I*f)Z,p*Z> > O’ JAAS F(T)a
where P is the metric projection on F(T).
4. NUMERICAL EXAMPLES
In this section, we give examples and numerical results for supporting our main theorem.

Example 4.1. Let H =R and C = (0,2]. Suppose that {x,} generated by (3.1). Assume that (x,y) €
E(G) if and only if % <x,y <2 orx=y. Define two mappings f,T : C — C by

_x2+2

and Tx = e%(l_x),

f(x)
for any x € C. It is easy to check that f is G-contraction and T is G-nonexpansive. On the other hand, f

is not contraction and 7 is not nonexpansive since for x = % and y = %. This implies that
3
[f@) = )| > 5 > alx—yl,
forall a € (0,1) and
3
[Tx=Ty| > 5 ==yl

Let o, = ﬁ. We know that {a,} satisfies C1, C2 and C3. Choose xyp = % By computing, we obtain

the sequence {x,} generated by (3.1) converges to 1. Then we show the error plotting ||x,+1 — x,||.

08

w15 20 25 30 35 20

o7
i

Figure 1. Error plots of ||x,11 — X, ||.
Example 4.2. Let H = R and C = (0,2]. Suppose that {x,} generated by (3.5). Assume that (x,y) €
E(G) if and only if 17—0 <x,y <2 orx=y. Define two mappings f,T : C — C by

2
2
flx)= : 4—; and Tx =307,

for any x € C. By Example 4.1, we know that f is G-contraction and T is G-nonexpansive. Let

1 . : .

o _{ T0VATID) ? if nis odd;
n — 1 . .

m s if n is even.
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We know that { o, } satisfies C1 and C2 but not C3. Let

98v/nr1-99 .o . '
B, = 100(vVnr1-1) ° if n is odd;

49 P
55 5 if nis even
and
& if n is odd;
o —J 30
n =\ 2Vnti-1 T
T00/n T if n is even.

Choose xp = % By computing, we obtain the sequence {x,} generated by (3.5) converges to 1. Then we

show the error plotting ||x,+1 — Xy]|-

0.025
0.02|
.. 0.015- 4
S
5
0.01+ -
0.005 TT—— =
0l 1 1 1 1 1 5_ 1 Jd
0 5 10 15 20 25 30 35 40
Figure 2. Error plots of ||x,11 — x|
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