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DC-GAP FUNCTION AND PROXIMAL METHODS FOR SOLVING NASH-COURNOT
OLIGOPOLISTIC EQUILIBRIUM MODELS INVOLVING CONCAVE COST
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Abstract. We consider the Nash-Cournot oligopolistic equilibrium models involving separable concave cost functions. In
contrast to the models with linear and convex cost functions, a local equilibrium point may not be a global one in the models. We
propose two algorithms for finding global and local equilibrium points of the models having separable concave cost functions by
using a DC decomposition of a gap function. The first algorithm uses the convex envelope of a separable concave cost function
to approximate a concave cost model with affine cost ones. The latter is equivalent to strongly convex quadratic programs
that can be solved efficiently. To obtain better approximate solutions, the first algorithm uses an adaptive rectangular bisection
which is performed only in the space of concave variables. The second algorithm is an extension of the proximal method to the
models.
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1. INTRODUCTION

The Nash-Cournot oligopolistic market model is one of fundamental models in economics. In this
model it is assumed that there are N-firms producing a common homogeneous commodity. Each firm i
has a strategy set D; C R and a profit function f; defined on the strategy set D := D; X ... X Dy of the
model. Let x; € D; be a corresponding production level of firm i. Actually, each firm seeks to maximize
its profit by choosing the corresponding production level under the presumption that the production of
the other firms are parametric input. A commonly used approach to this model is based upon the famous
Nash equilibrium concept.

We recall that a point (strategy) x* = (x7,...,xy) € D is said to be a Nash equilibrium point of this
Nash-Cournot oligopolistic market model if

filx™) > fi(x*[xi]), Vx; € Dy, Vi,

where the vector x*[x;] is obtained from x* by replacing x} by x;.
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In the linear Nash-Cournot model the profit function of firm i is given by
N
filx) = (0 =B Y x)xi —hi(x;) (i=1,...,N). (1.1)
i=1

where 8 >0, @; > 0,i = 1,...,N and, for every i, the cost function #; is affine that depends only on the
quantity x; of firm i. In this linear case, it has been shown that (see, e.g., [6]) the model has a unique
Nash equilibrium point which is the unique solution of a strongly convex quadratic program. In the case
that A; is differentiable convex, the problem of finding a Nash equilibrium point can be formulated as
a monotone variational inequality [2, 8] which can be solved by available methods for the monotone
variational inequality.

In some practical applications, the cost for production of a unit commodity decreases as the quantity
of the production gets larger. The cost function then is concave rather than convex. In this case as it is
shown [9] that the problem can be formulated as a mixed variational inequality of the form

Findx* € D: (F(x"),x—x") + ¢(x) —o(x") >0, VxeD.

In this problem F is not monotone and ¢ may not be convex. Therefore the existing methods for the
monotone variational inequality cannot be applied. In [9], an algorithm is proposed for solving the
model when some of the cost functions are piecewise linear concave. However the algorithm is efficient
only when the number of the piecewise linear concave functions is relatively small. In [14], a proximal
point method was described for finding a stationary point of the model.

A commonly used approach to nonconvex and generalized variational inequalities and generalized
Nash equilibrium problems is the use of a gap function (see, e.g., [3, 4, 7] and the references cited there).

In this paper we continue our work in [9] by using a DC optimization approach to the Nash-Cournot
models where some of the cost functions are separable concave, the remaining costs are affine. Namely
we use a suitable DC gap function for the problem and propose algorithms for solving the resulting DC
programming problem thereby to obtain a global equilibrium point for the model. Thanks to the fact that
the strategy set is a rectangle (box) and the cost functions are separable increasing, the gap function has
particular features that can be employed to develop efficient algorithms for the model. We propose two
algorithms: the first algorithm uses a branch-and-bound strategy while the second one can be considered
as an extension of the proximal method in [18] to the model.

The rest part of the paper is organized as follows. In the next section we formulate the model as a DC
optimization problem. The third section is devoted to description of the algorithms and their convergence
results.

2. A DC GAP FUNCTION

We recall that a function is said to be DC on a set if it can be decomposed into the difference of
two convex functions on this set. The problem of optimizing a DC function over a convex set has been
considered in many research papers, and some global as well as local optimization approaches have been
developed for this problem (see, e.g., [5, 13, 15, 18] and the references therein). In this section, by
using a gap function, we formulate the problem of finding an equilibrium point of a Nash-Cournot model
involving concave cost functions as a DC optimization problem over the strategy set.

To be precise, we suppose that each profit function f; is defined by (1.1), where h;, j=1,...,nis
increasing concave while ; with i > n is increasing affine.
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First, we define the bifunction ¢ by taking

¢ (x,y) := (Bix—a,y—x) +y" By—x" Bx+h(y) — h(x) 2.1)
where
a .= (OC],OCQ,... OtN)T,
B 0 0 0 o B B .. B
5|0 B O O g |B OB - B
00 0 0 B B B B .. 0
and

N
h(x) := ; hi(x;).

Then the problem of finding an equilibrium point for the model can be formulated as a mixed variational
inequality problem of the form (see, e.g., [10]):

find a point x € D such that
q)(xay) = <le_avy_x>+(P(Y)_‘P(x)20u VyGD,

where
¢(y) :=y"By+h(y), (x) :=x"Bx+h(x).
Clearly, ¢ is a DC separable function.

Gap functions are commonly used to determine stoping rules in optimization and variational inequality
and equilibrium problems as well as to formulate them into an optimization problem. Following this
idea, we now define a gap function for the Nash-Cournot equilibrium models with separable concave
cost functions. Namely, for the mixed variational inequality by taking, for each x € D,

g(x) := —min{®(x,y) : y € D}. (2.2)

Lemma 2.1. Suppose that cost function h; is continuous on U; for all i = 1,2,...,N. Then
(i) The gap function g(x) is well defined, continuous and nonnegative on D.
(ii) A point x* € D is equilibrium for the model if only if g(x*) = 0.

Proof. This lemma can be derived from Theorem 2.1 in [4]. Here we give a direct proof for the mixed
variational inequality.

(i) Since D is compact and for each x € D, ®(x,.) is continuous on D, ®(x,.) attains its minimum on
D. Further, from property ®(x,x) = 0, it follows that g(x) > 0 for every x € D.

(ii) Suppose that x* € D is an equilibrium point. Then

which implies g(x*) < 0 and g(x*) = 0. Conversely, if g(x*) = 0, then from the definition of g(x*) one
has ®(x*,y) > 0 for all y € D, that means that x* is a equilibrium point of the model. g
We rewrite the bifunction ® as

N N N
®(x,y) = (Bix—a,y—x) + Zylz + _Zhi(yi) —BY - ;hi(xi)-

i=1 =1 i=1
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Gap function g then can be rewritten as

N N N N
g(x) = —min{(le— o,y—x)+p Zylz + Zhi(yi)} +B Zx,z + Zhi(xi). (2.3)
i= i=1 i=1 i=1

yeU —1
Since D is the box of the form
D := {)CT = (X],...,XN) 0L li <x < uj, i= 1,...,N},

we can further write g(x) as

N
- _ i —a)i(vi — x: 2 4 by
g0 ==X, min, {(Bx— o0:(0s—)+ By} +hilw) |
(2.4)
L
+B(Y. x)"+ Y hi(xi).
i=1 i=1
A simple arrangement using (2.4) yields
N
- _ ; 2 ) _ . (v
g0 == 1, min, {By?+ (Boy o~ a)yi+hiln )
- (2.5)

N ) N
+B(;x,~) — OCTX—i- ;h,’(x,'),

where ¢~ (x) := 21]\,/ ;%j. Since the minimum of affine functions is concave, gap function g is DC. For

evaluating g(x), for each x € D, one needs to solve N-optimal problems each of them is one-variable
 min {ﬁy? + (BG(‘” (x)— a)yi +hl-(yl~)}; i=1,2,..,N. (2.6)
iISYisU;

When A;(.) (i=1,2,...,p < N) are differentiable concave, (2.6) are one-dimensional smooth DC optimal
problems. g

3. DESCRIPTION OF THE ALGORITHMS

In this section we describe a DC-gap function algorithm for approximating a global equilibrium point
of the model. The algorithm is a branch-and-bound procedure, where the bounding operation uses the
convex envelope of the ”concave part” of the gap function, while the branching is an adaptive rectangular
bisection involving only the concave variables.

A branch-and-bound algorithm

First we recall [5] that the convex envelope of a function ¢ on a convex set C is the convex function
on C, denoted by coc@ such that coc@(x) < ¢(x) for every x € C, and if & is any convex function on
C satisfying & (x) < @(x) for every x € C, then &(x) < coc@(x) for every x € C. It is well known [5]
that the convex envelope of a concave function is affine. If C = C; x ... x Cy and ¢ is separable, i.e.,
O(x1,.0yxy) = 21}’:1 ®;(x;), then cop(x) = Zl};l co@;(x;j), where co@; is the convex envelope of ¢; over
C;. Clearly, since h;, i > n is affine, h; = coh; on every convex set.

The algorithm is a branch-and-bound procedure for minimizing gap function g using its DC decom-
position obtained in the preceding section, thereby to obtain a global equilibrium point of the model. In
this algorithm, the branching operation is a rectangular bisection that takes place only in the space of
concave cost functions.
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To be precise, we suppose that D := D x D,, where D ::I? X ... X 1,9, D> ::I,?H X ... X]I(\), and that
hj (j=1,...,n) is concave on ; for every j = 1,...,n and h; is affine on IlQ foreveryi=n+1,...,N. Let

I=5LHx..xI,

be a n-dimensional subbox of Dy , where I; := [l;,u;| for every j=1,2,...,n. An elementary computation
shows that the convex envelope of the concave function /; over I is

I I;
cophj(x;) = aix;+ b,

with
A 10
uj— lj ’ (3 1)
pr = W) ZLhiGw) '
uj— lj
We use the DC decomposition g(x) = g1(x) — g2(x) obtained by (2.5), where
N ) N
gi0) ==Y min {37+ (Boyyx) — )yt +B(Lx)"
i=1 i=Yist i=1
v (3.2)
2 (x) :=alx— Z hi(x;),
i=1
For each n-dimensional subbox I = I; X ... x I,, of D, we define
Dyp:={x" = (x1,...,xy) €D (x1,...,x,) €I} (3.3)

and
n N
cor(—ga(x)) :== —olx+ Z corhj(x;) + Z hj(xj),
j=1 j=n+1
where coy;h; stands for the convex envelope of /; on I;. The lower bound of g over Dy then can be
defined by taking

B(Dy) = min{g: (x) +cor(—g2(x))}- P(Dy)
In order to reduce the difference between function /; and its convex envelope, it suggests the use

of rectangular bisections, which are suitable for separable global optimization problems [1, 5]. The
following adaptive rectangular bisection will be used for the algorithms to be described below.

An adaptive rectangular bisection (Rule 1).

Let I be a given n-dimensional subbox of D;. Define
Jmax = argmaxlgjgn{hj(xg) - COhj(xi')}'

Then we bisect / into two boxes via the middle point of edge /;, . . We call this middle point the bisection

point and j,,,, the bisection index.
For this bisection we have the following lemma whose proof can be found in [11].

Lemma 3.1. Let {I*} be an infinite sequence of boxes generated by the adaptive rectangular bisection
Rule 1 such that I C I* for every k. Let b* be the bisection point and ji be the bisection index for
I¥. Then limy_se(hj, (b*) — coph;, (V%)) = 0. Consequently, {I;,} tends to a singleton provided that h;, is

(concave) not affine on 1.
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For each subbox I having n-edges I; (j = 1,...,n), we define
p(lj) = rtllg}]?({hj(t) —coh;(1)}
and
p():=max{p(l;): j=1,...,n}. (3.4)
Motivated by Lemma 2.1, for an € > 0, we call x € D an g-equilibrium point if 0 < g(x) < €. The
algorithm then can be described as follows.

Algorithm 3.1. (Branch-and bound)

Initial step. Choose a tolerance € > 0 and set the initial box
P=10x..xI°=D.

Solve convex program P(Dj) to obtain its optimal solution x” and a lower bound

n N
Bo = B(Dp) = 21() — a'x+ Y cophi () + Y hya)
j=1 Jj=n+l

of gon Dp. Let Iy := 0 if By > 0. Otherwise, let
Lo :={1°}; vgapy := g(x"),

po := p(1°) and oy := npo.

Iteration k (k=0,1,...). At each iteration k we have a family I'; of subboxes of D;. To each I € T
we associate a number 3(D;) as the lower bound of g over D; and the number p (7). Moreover, we have
the current largest lower bound f, the current best feasible point x* (the upper bound is always 0) and
pr :=max{p(l): I € T}}.

Step 1.

la) If T, = 0, terminate: the model has nonequilibrium point.

1b) If vgapy < €, terminate: x* is an e-optimal solution.

Step 2. Choose I* € T’} such that

pr :=p(I*) =max{p(l) : I € T};}
and let oy := npy.
Step 3. Divide the subbox I* into two subboxes I and I by the bisection Rule 1.
Step 4. Compute B(Dy+ ), B(Dy-) by solving Problems P(D .+ ) and P(D,,- ). Let X" and x*~ be the
obtained solutions of these problems respectively. Compute
. + —
vgapys :=min{g(x*),g(x** ), g(x* )}.
Step 5. Update the the currently best feasible solution by taking x**! € {x* ,xk+ ,x*"} such that
. + -
g = min{g(:"),g(x* ), (" )}.
Step 6. Set
Cir = {1 € (O \{I"HU{I 15} - B(Dy) <0}
and update the currently best lower bound by taking

Bk-‘rl = mm{ﬁ(l) 1 e Fk—H}
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(we take By = +ooif [y = 0).
Compute p (7*) and p (I*~) and take
Pi+1:=max{p(l) : I € Ti11}; 01 1= NPyt
(we take Op41 :=0if 't = 0).

Letk:=k-+1 and goto Step 1.

Theorem 3.1. (Convergence Theorem). (i) If the algorithm terminates at iteration k, then x* is an &-
equilibrium point or else the model has nonequilibrium point (case 1b).

(ii) If the algorithm does not terminate, it generates an infinite sequence {x*} such that any its cluster
point is an equilibrium point whenever the model has an equilibrium point. Furthermore g(x*) \, 0 as
k — oo,

Proof. The statement (i) is obvious from the stopping criteria.
(i1) For each iteration k we have
I := {I - D],UI:Dl}
and
Yp = {I X Dy, I € Fk}.
Moreover, for each x = (x1 ,xz) € D = D; x D,, we define the function
Gi(x) = g1(x) — a’ x+cosh(x),if x; € I € T,

where

n N
corh(x) := Z coljhj(xj) + Z hj(xj).
i=1 j=n+1

Obviously, by the definition then for each fixed k and for all x € D we have
Gr(x) < g(x).
From Lemma 2.1, it follows that
= 1 < 1 =
Pr = min{Gy(x)} < min{g(x)} =0

and {f} is nonincreasing. Then
lim i < 0. (3.5)
O the tther hand, we have
0 < g(x) — Gk(x) < ok, Vk, Vx €D,

which is equivalent to

Gr(x) > g(x) — ok, Yk, Vx € D.
Taking the minimum of both sides, we obtain

min{Gy(x)} > min{g(x)} — o,

which implies
Br > —ox, Vk.
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Since o, — 0 as k — =, we have

lim B > 0. (3.6)
k—ro0
Combining (3.5) and (3.6) we obtain
lim fB; = 0.
k—roo

Note that
0 < g(x*) — G(x*) < oy, Vk.
Letting k — o0 and recalling that {g(x*)} is the nonincreasing, we can write
li f < i lim oy =0.
Jim, 60 < Jim it lim o
Then, using the fact g(x) > 0, Vx € D, we can deduce that

li ) =0. 7
kirfwg(x) 0 (3.7

Now, suppose that X is a cluster point of {x*} and let {x*} is a subsequence of {x*} such that x* — ¥ as
Jj — +oo. By (3.7) and the continuity of g, we obtain

lim g(x') = ¢(x) =0.

J—rtee

Hence x is a global equilibrium point. O
To illustrate the algorithm, let us consider the following example.
Example 3.1. We consider the model with the concave functions defined by
hj(x) =ax;+In(1+7yx;),j=1,...,n,
and the linear cost functions are defined by taking
hj(x;) = pjxj,j=n+1,...,N.

The detail data of the model are taken as follows

N = 3;n=2;
D = [0,100] x [0, 150] x [0,50];
D, = [0,100] x [0,150]; D, = [0,50];
o = (57,6); p=0.01;
Yy = (1,8);a=(2,3.5);u=(4).
An elementary computation shows that
g1(x) = —miny, {0.01y3 4 (0.01x — 3)y; +1In(1+7y;) : 0 < y; < 100}
—miny, {0.01y3 + (0.01x; —3.5)y2 +In(1 +8y2) : 0 < y» < 150}

+0.01 () +2x2 +x3)?
and
g(x) = 3x14+3.5x+2x3 —In(147x;) —In(1 + 8xy).
At each iteration, we use the subgradient projection algorithm for solving the nonsmooth convex program
P(Dy). The computations were executed on a PC Core 2Duo 2#2.0 GHz, RAM 2GB. We take € = 1074,
o Initial step:
We solve the nonsmooth convex program P(Djo) with
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1° = [0,100] % [0,150); D0 = D = [0, 100] x [0, 150] x [0, 50]
and
cop(—ga(x)) = —2.9345x) —3.4527x; — 2x3

and obtain the following results

By = —1.6704:

it = 125;

K0 = (80.3798,133.5634,0);
vgapy = g(x°)=0.0572;

po = 1.6038; jmar = 1.

e [teration k = 0:
Bisect the box 10 = 19" U0, where

1°" =10,50] x [0,150]; 1° = [50,100] x [0, 150].
For the subbox I°" = [0,50] x [0, 150] we have
o+ (—g2(x)) = —2.8828x1 — 3.4527x — 2x3.

We solve the nonsmooth convex program P(D+ ) and obtain

Bo: = 48925

it = 141,

A = (50,149.5708,8.3402);
vgap = gl )=4.9099;
por = 1.3267; jmax=1.

For the subbox 19 = [50, 100] x [0, 150], we have
co-h(x)(—g2(x)) = —2.9862x —3.4527x — 2x3+5.1691.

For the nonsmooth convex program P(D,,- ), we obtain

( B = —0.8050;
it = 120;
K" = (86.0997,128.9940,0);
vgap,- = g(xl(r) =0.0801;
Po- = 1.2225; juax = 2.
Combining the results obtained the iteration kK = 0, we obtain
x! = (80.3798,133.5634,0);
vgapy = 0.0572;
I = {[50,100] x [0,150]};
P1 = 1.2225; juax = 2.

e Iteration k = 1:

21
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Bisect the subbox /' = I'" UI'", where
1" =1[50,100] x [0,75],1" = [50,100] x [75,150].
For the subbox I'” = [50,100], we have
cop+ (—ga(x)) = —2.9862x) —3.4147x, — 2x3 +5.1691.

Solving the nonsmooth convex program P(D,;+ ), we obtain

By = 15.0025;

it = 30;

A = (100,75,28.8450);
vgap+r = g(x’o+):15.0025;
por = 09542 juu =2.

For the subbox I' = [50,100] x [75,150], we have
cop- (—g2(x)) = —2.9862x; — 3.4908x; — 2x3 + 10.7422.

Solving the nonsmooth convex program P(D,;- ), we obtain

B = —0.0860;

it = 124,

o = (82.7369,133,2000,0);
veap,- = g(x' ) =0.00007.

Combining the results obtained at the iteration k = 1, we obtain
vgap, = 0.00007 < & = 1074,

So the algorithm terminates at iteration 2 and x> = (82.7369, 133,2000,0) is an €— equilibrium point of
the model.

Remark 3.1. The main subproblem in the proposed algorithm is the nonsmooth convex program P(Dy)
for computing the lower bound J(Dy). This convex mathematical program can be solved by some avail-
able algorithms, such as, the subgradient projection algorithm [12]. Efficiency of the algorithm depends
on the efficiency of the algorithm used for the solving the nonsmooth convex subproblem P(Dy).

A proximal point algorithm

Motivated by the fact that a point x* € D is an equilibrium point of the model if and only if the gap
function g(x*) = 0, we say that a point X € D is a local equilibrium point of the model if X is a local
minimum of the gap function g on D, that is, g(x) < g(x) for every x € BN D, where B is ball centered
at X. Because of the concavity of the cost function, in this equilibrium Nash-Cournot model, a local
equilibrium point may not be a global one.

As we have seen, the Nash-Cournot model under consideration can be formulated as a mixed varia-
tional inequality of the form

Findxe D: (F(x),y—x)+¢(y)—@(x) >0, VyeD,
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where
. 2
F(x):=Bix—a, ¢(x) = B|lx[|" +h(x),
with B being a matrix whose every diagonal entry is zero while all others are 8, and a being the N-
dimensional vector whose every entry is o.
It is clear that x € D is a solution of the above mixed variational inequality if and only if

x € argmin{(Bix—a,y —x) + @(y) — @(x) : y € D}. P(x)

Motivated by this fact, using the optimality condition for problem P(x), we call x € D a stationary point
of the above mixed variational inequality if

0 € c[F(x)+Vo(x)+Np(x)],

where ¢ > 0 and Np(x) is the normal cone of D at x. Remember that ¢(x) = g(x) — h(x) with g and h
being convex functions. Let

g1(x) := g(x) +p(x),

where Jp(.) is the indicator function for the convex set D. Since Np(x) = ddp(x), we see that x is a
stationary point if and only if

0e c<3g1 (X) + F(x) - Vh(x)),

where ¢ > 0. Since g is lower semicontinuous convex function and D is closed convex set, dg; is maximal
monotone and

<I+c8g1>71

is singleton, defined everywhere [16]. Note that 4 is differentiable, by a simple arrangement (see also
[17]), we can see that x is a stationary point of the above mixed variational inequality if and only if

x= (H—c&gl)il(x—cF(x)+th(x)). (3.8)

Starting from a point x” € D, the proximal point algorithm for finding a point satisfying the fixed point
problem (3.8) takes the form

K= <I+C8g1> (¥ — cF (xb) + cVR(xY)).
Let
Vo= x5 — cF (x*) + Vh(x").
Then the problem of finding x**! amounts to solving the following strongly convex program
, 1
min{g(x) + zfcllx—y"ll2 :x€Dj}.

Finally, we remark that if F = 0, that is, B = a = 0, then this proximal algorithm is reduced to the one
studied in [18]. The convergence of the algorithm in this case can be found in [18]. It is of interest to
continue to study the convergence of the general case.
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