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1. INTRODUCTION-PRELIMINARIES

Let H, and H; be two real Hilbert spaces with inner product (-,-) and norm || - ||, while H refers to
as any of these spaces. Let C be a nonempty closed convex subset of Hj, and let O be a nonempty
closed convex subset of H,. In 1994, Censor and Elfving [7] introduced the following well known split
feasibility problem: find x € H; such that

xeC, AxeQ,

where A : H) — H; is a bounded linear operator. The split feasibility problem has attracted many authors’
attention due to its application in signal processing and image reconstruction, with particular progress in
intensity-modulated radiation therapy [1, 8, 9, 20] and many other applied fields.

In 2002, Byrne [1] introduced the following so-called CQ algorithm.

x0 € Hy,xp41 = Po(I—yA* (I — Pg)A)x,, n>1,

where A* is the adjoint operator of A, ¥ > 0 is a real constant in (0, %) (r is the spectral radius of the
self-adjoint operator A*A), Fc is the metric projection from H; onto C, Py is the metric projection from
H, onto Q and [ is the identity mapping on H;. He proved that the sequence {x,} generated in the CQ
algorithm converges weakly to some solution of the split feasibility problem. Recently, many authors
intensively investigated the split feasibility problem based on different regularization methods in Hilbert
spaces or Banach spaces; see [2, 3, 4, 5, 6, 18, 21] and the references therein.
Let B: C — H be a nonlinear mapping. The classical variational inequality (VI) is to find x* € C such
that
(Bx*,x—x") >0, VxeC. (1.1)
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We denote by VI(C,B) the solution set of VI (1.1). As a very effective and powerful tool, VI (1.1)
has been applied to study a wide range of problems arising in differential equations, mechanics, contact
problems in elasticity, optimization and control problems, management science, operations research, and
general equilibrium problems in economics and transportation.

A set-valued mapping M : H — 2" is said to be monotone if, for all x,y € H, f € Mx and g € My
imply (x—y, f —g) > 0. A monotone mapping M : H — 2 is maximal if the graph Gph(M) of M is not
properly contained in the graph of any other monotone mapping. It is known that a monotone mapping
M is maximal if and only if for (x,f) € H xH, (x—y,f —g) >0, ¥(y,g) € Gph(M) implies f € Mx.
Let M : H — 2" be a multi-valued maximal monotone mapping. For any positive number A and identity
operator / on H, the single-valued mapping Jf{” : H — H defined by

I(x) = ([+AM) " (x), Vx€H,

is called the resolvent operator associated with M. It is known that the resolvent operator Jﬁ‘f is firmly
nonexpansive, in particular, nonexpansive.

Let B; : H; — 2 and B, : H, — 22 be multi-valued maximal monotone mappings. We consider the
following split variational inclusion problem (SVIP): find x* € H; such that

0 € B (x*), (1.2)

and
y'=Ax* € H, solves 0€ By(y"). (1.3)

In this paper, Sol(By,B;) stands for the solution set of SVIP (1.2)-(1.3).
It is obvious that SVIP (1.2)-(1.3) is equivalent to the problem of finding x* € H; with x* = Jf H(x")
such that

y'=Ax*€H, and y* :Jf2(y*),

for some A > 0. Recently, SVIP (1.2)-(1.3) has received much attention and extensively investigated
based on fixed-point algorithms due to its importance in convex optimization problems; see [2, 11, 14, 16]
and the references therein.
Recently, Byrne et al. [2] studied the convergence of the following iterative method for solving SVIP
(1.2)-(1.3):
XVEH, Xpp1=J5 (%, + YA (U} —DAx,) Vn>1,31>0.

Weak and strong convergence theorems were established in the framework of Hilbert spaces.

Let T : C — C be a nonlinear mapping. Denote by Fix(T') the fixed-point set of T, i.e., Fix(T) =
{x € C:x=Tx}. Recall that T is said to be x-Lipschitzian if there exists a constant k¥ > 0 such that
|ITx—Ty|| < x|jx—yl, Vx,y € C. In particular, if Kk = 1, then 7 is said to be nonexpansive. If k¥ < I,
then 7 is said to be contractive.

For any x € H, there exists a unique nearest point on the nonempty closed convex subset C denoted
by Pcx such that ||x — Pex|| < ||x —y||, ¥y € C. The mapping Pc is called the metric projection of H
onto C. We know that Fr is a nonexpansive mapping from H onto C. The metric projection Fc can be
characterized by Pcx € C and

(x—y,Pcx— Pcy) > ||Pex— Pey|)?,  Vx,y €H.
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For all x € H and y € C, Pcx is characterized by (x — Pex,y — Pex) < 0. It is easy to see that the above
inequality is equivalent to the following inequality:

lx=* > [lx = Pex||* + |y — Pex|®,  VxeHi,yeC.
It is not hard to find that every nonexpansive mapping 7 : H — H satisfies the following inequality

(I=T)x—(I—=T)y,Ty—Tx) < = ||I-T)x—(I—=T)y|*, V(x,y) €H xH. (1.4)

1
S
A mapping T : H — H is said to be averaged mapping if it can be written as an average of the identity /
and a nonexpansive mapping, that is,
T=(1-a)l+as,

where a € (0,1) and S : H — H is a nonexpansive mapping. We note that averaged mappings are
nonexpansive. Further, firmly nonexpansive mappings (in particular, projections on nonempty closed
and convex subsets and resolvent operators of maximal monotone operators).

The composite of finitely many averaged mappings is averaged. The following is a remarkable prop-
erty of averaged mappings.

N
ﬂ FiX(]}) = FiX(T] T2 cee TN_1 TN) = FiX(T2T3 cee TNT]) == FiX(TNTl cee TN—ZTN—I)‘
i=1

In particular, as N = 2, we have Fix(71T>) = Fix(T>T) = Fix(T1) N Fix(T7).
In 2014, Kazmi and Rizvi [14] studied SVIP (1.2)-(1.3) and fixed points of a nonexpansive mapping
S via the following iterative algorithm
U, = Jfl (xn + yA* (sz —1)Ax,),
Xn+l1 = anf(xn) + (1 - OCn)Suna Vn > 0,

(1.5)

where f is a contractive mapping in H;, y € (0, %) and { &, } is a sequence in (0, 1) such that lim,,_.. &t;, =
0, gy =ccand Y, |0, — @,_1| < e. They proved that both {u,} and {x,} converge strongly to
a point z € Sol(B;,B;), which is the unique solution to the variational inequality (( — f)z,z — p) <0,
Vp € Sol(By,Ba).

Recall that a mapping T is said to be pseudocontractive if

(Tx—Ty,x—y) < |x—y|? Vx,yeC.
T is said to be strongly pseudocontractive if there exists a constant 3 € (0, 1) such that
<Tx—Ty,x—y>§[3HX—yH2, vx7y€C-

Let {S,};_, be a sequence of continuous pseudocontractive self mappings on C. Then {S, }7_, is said to
be a countable family of ¢-uniformly Lipschitzian pseudocontractive self-mappings on C if there exists a
constant ¢ > 0 such that each S, is ¢-Lipschitz continuous. Recall that a mapping F : H — H is said to
be a strongly positive bounded linear operator if there exists a constant 7 > 0 such that (Fx,x) > 7||x||?,
VxeH.

In this paper, we introduce a composite viscosity iterative algorithm for finding a common solution
of a split variational inclusion problem and a fixed point of a family of pseudocontractive mappings.
Strong convergence of the proposed iterative algorithm is obtained under some mild assumptions in the
framework of Hilbert spaces. To prove our main results, we also need the following tools.
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Lemma 1.1 ([10]). Let C be a nonempty closed convex subset of a Banach space X and let T : C — C be

a continuous and strong pseudocontraction mapping. Then, T has a unique fixed point in C.

Lemma 1.2 ([22]). Let H be a Hilbert space. Let A be a number in (0,1] and let T : H — H be
a nonexpansive mapping. Define a mapping T* : H — H by T*x := Tx — AUF(Tx), Vx € H, where
F : H — H is a x-Lipschitzian and n-strongly monotone operator. Then T* is a contraction provided
O<u< i—’; that is, | T*x — T*y|| < (1 = A7)||x =y, Vx,y € H, where T =1 —+/1—u(2n — ux?) €
(0,1].

Lemma 1.3 ([2]). Let H, and H) be two real Hilbert spaces. Let By : Hy — 2 and B, : Hy — 282 pe
multi-valued maximal monotone mappings. Let A be a bounded linear operator from Hy to H, and let A*
be its adjoint operator. Let L be the spectral radius of the A*A. For any given A >0, let G: H — H be a
mapping defined by G := f‘ I+ }/A*(sz —1)A), where y € (0, %) Then G is a nonexpansive mapping.
If Sol(B1,B,) # 0, then Sol(By,B;) = Fix(G).

Lemma 1.4 ([19]). Let {x,} and {z,} be bounded sequences in a Banach space X and let {B,} be a
sequence in [0, 1] with 0 < liminf,, . B, < limsup,_,., B, < 1. Suppose x,+1 = Buxn + (1 — Bu)z, for all
integers n > 1 and

limsup(||zp+1 — 2al| = [|Xa41 —Xa[]) <O.
n—yoo

Then, lim,_e ||2;, — x,|| = 0.

Lemma 1.5 ([12]). Let C be a nonempty closed convex subset of a Banach space X. Let 1,52, ... be a
sequence of mappings of C into itself. Suppose that Y, _; sup{||Syx — Sy41x|| : x € C} < oo. Then for each
y € C, {S,y} converges strongly to some point of C. Moreover, let S be a mapping of C into itself defined
by Sy = lim, . S,y for all y € C. Then lim,,_,o sup{||Sx — S,x|| : x € C} = 0.

Lemma 1.6 ([17]). Assume that S is a nonexpansive self-mapping on a nonempty closed convex subset
C of a Hilbert space H. If S has a fixed point, then I — S is demiclosed at zero, i.e., if {x,} is a sequence
in C converging weakly to some x € C and the sequence {(I — S)x,} converges strongly to zero, then
(I —8)x =0, where I is the identity mapping of H,.

Lemma 1.7 ([23]). Let {a,} be a sequence of nonnegative numbers satisfying the conditions a,.; <
(1 =An)an + AnYp, Vn > 1, where {A,} and {y,} are sequences of real numbers such that {A,} C [0,1]
and Y ;. | Ay = oo, limsup,_,., ¥ < 0. Then lim,_a, = 0.

Lemma 1.8 ([13]). Let C be a nonempty closed convex subset of a real Hilbert space Hy, and let B : C —
H,\ be a monotone and hemicontinuous mapping. Then the following hold:

(i) VI(C,B) = {x* € C: (By,y—x*) >0, Yy € C};

(ii) VI(C,B) = Fix(Pc(I — AB)) for all A > 0;

(iii) VI(C, B) consists of one point, if B is strongly monotone and Lipschitz continuous.

2. MAIN RESULTS
We are now in a position to state and prove the main result in this paper.

Theorem 2.1. Let Hy and H, be real Hilbert spaces. Let A : Hl — Hj be a bounded linear operator and
let A* be the adjoint of A. Let L be the spectral radius of the operator A*A. Suppose that By : H; — 2
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and B, : Hy — 2 are maximal monotone mappings. Let G : H) — H| be a mapping defined as G :=
Jfl I+ }/A*(sz —1)A), where A >0, y € (0,1). Let f: Hi — Hy be a nonexpansive mapping and let
F : Hy — H, be k-Lipschitzian and 1n-strongly monotone with constants k,1 > 0 such that 0 < 6 < 7:=
1—/1—pu2n—ux?) € (0,1,0<u< %’ Assume that {S,}_, is a countable family of (-uniformly
Lipschitzian pseudocontractive self-mappings on Hy such that Q := (-, Fix(S,)) N Sol(B1,B2) # 0.
For an arbitrary x| € Hy, let {x,} and {u,} be sequences generated by

Up = YuXn + (1 - Yn)Snuna

2.1
Xnt1 = QO f (Xn) + Buxn + [(1 = Bu)] — O F|Guy,  Vn>1,

where {&, },{PBn} and {y,} are the sequences in (0,1) satisfying the following conditions:

(1) {o,+ B} C(0,1] and {B,.};7_, C |a,b] for some a,b € (0,1);

(2) limy 0o 0, =0and ), 04 = oo;

(3) 0 <liminf, ey < limsup,_.., % < | and lim,_e0 | Yns1 — Y| = 0.
Assume that Y, SUp,cx ||SnX — Spt1x|| < oo for any bounded subset K of H,. Let S be a mapping of H,
into itself defined by Sx = lim,_,. S;x for all x € Hy with Fix(S) = (-, Fix(S,). Then {x,} and {u,}

converge strongly to a point z € Q, which is the unique solution to the variational inequality
(UWF =6f)z,z—p) <0, VpeQ.
Proof. Taking into account 0 < liminf, . ¥, < limsup,_,., % < 1, we may assume, without loss of gen-

erality, that {7y, } C [c,d] C (0,1) for some ¢,d € (0, 1). Define a mapping F,, by F,x = ¥x, + (1 — %) Sux,
Vx € H;. Since each S, : H — H; is a continuous pseudocontraction mapping, we deduce that

<an_Fnyux_y> < (] —yn)Hx—sz, Vx,y EH]-

This shows that F;, is a continuous strong pseudocontraction. From Lemma 1.1, we know that, for each
n>1, uy, = Yuxn + (1 — %) Spu, in (2.1) is well defined.

We now claim that {x,}, {v.}, {un}, {Snttn}, {f(xn)} and {F(y,)} are bounded. Indeed, take an
element p € Q arbitrarily. Then p = Jf‘p, Ap= sz (Ap)and S,p = p forall n > 1. Since each S, : H; —
H, is a pseudocontraction mapping, it follows that

||”n —P||2 = (un — P Un _p>
= Y Xn — Py ttn — p) + (1 = Y2) (Spttn — Pyt — p)
< Yl = pllllun = pll + (1 = %) [lun = plI1%,

which yields |[u, — p|| < |lx, — p||. Putting

Yn =3 (un + YA* (J3> — 1) Auy),

we obtain
Iy =Pl = 193" (n + YA*(J3% = DAu,) — I3 p||?
< un + YA* (J32 — )Au, — p||?
= [lun — pII? + PIA* (J32 = DAu 1>+ 2¥(un — p,A* (J3* — ) Au).
Thus,

[|yn _P||2 < |xn _PH2 + 7’2<(sz _I)A”naAA*(sz —1)Aup) +2y(u, _ij*(J)Ifz —1)Auy).
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Note that
VA3 = DAun, AA* (32 — 1 Aun) < LY|| (S = 1) Aup| .
From (1.4), we have
2Y(up — p, A" (J3> — 1) Auy)
= 2Y(A(uy — p) + (J5* = I)Aup — (J3* — D) Auy, (J3* — 1) Auy,)
= 29{(Ap — I3 Ay, Aty — T3 At — || (J3> — D) Au |} 2.2)
< 27502~ Dw P~ 2~ DA )
= — ¥ (7> = DAu .
It follows that
yn =PI < [l = pIP + 7Ly = D[ (73 = DAuy |- 2.3)

From y € (0, 1), we arrive at ||y, — p|| < |lx, — p||. Since f : H; — H| is nonexpansive, we conclude that

1 =Pl = l00(8f (xa) = WF p) + Ba(din — p) + [(1 = Bu)l = Gt Flyn — [(1 = Ba)l — ot Flp|
< 0,81 (xn) = f(p )H+0¢n\|5f( ) = REpl| + Bullxn = pl|

H(U =Bl — 1% 1F]yn — [ = 1% uF p]
< 0Bl pl+ 0u7) WP+ Bl pl+ (1~ B0 — 15 ) bl
< 04,68 |lxn — pll + e[| 6 f(p) — LE Pl + Ballxn — pl[ + (1 = Br — & T) [|lxu — P
= [1— (7= 8)][lxu — pl| + (7~ §) - PLELEL

O f( F
< max{|x, — p||, 121@IpEply

By induction, we have

,H5f( — UFp|
)

It immediately follows that {x, } is bounded, so are {y, }, {u, }, { f(x,)} and {F (y,)}. Taking into account
that {S,} is ¢-uniformly Lipschitzian on C, we know that

[l = p| < max{[|x; - p| b ve>1.

[Snttn]| < [|Snttn = pl| + [Pl < £llun — pll + 2l

which implies that {S,u, } is also bounded. Setting x,,+; = B,x, + (1 — B,)v,, we see that

v = 1 {08 £ (%) + Buxn+ (1= B)l — 0utFlyn} — 15,
= 25081 () + Baxn+ Y — Buvn — 0t Fya} — P,
= 50 (81 (xn) — Fy) + (1= Bu)yn}
= 1% (8£ () — Fyn) +yn.

Hence,

an+1

L 10F ) = (%n) = HE .

Va1 = vall < llyns1 —yall +

By using Lemma 1.3, we know that G := J7L1 I+ yA*(J/l2 —1)A) is nonexpansive. So

Va1 = all = |Gttns1 — Gua|| < |1 — un|.
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On the other hand, simple calculations show that

|l tns1 — Mn||2 = Yot 1 (Xt 1 — Xny Ui 1 — Un) + (1= Yo 1) [(Snt 1 U1 — Splhny 1, Un g1 — Un)
F(Snttns1 — Snttn; Un 1 — Un)] + (Va1 — V) n — St tn 1 — tn)
< Vst %1 = Xal[[tne1 — sall + (1= Yo 1) [ St 18011 — Sty 1| | tn 1 — |
et 1 = wnllP]+ Va1 = Yol llxn — Snen [t 1 — ],
that is,
lttnir —vnll < Yorr X1 = Xall + (1= Yor 1) [ Sns 101 — Snttn41]|
Httng 1 — ][]+ Va1 — Yal X0 — Sntal,

which immediately leads to

litst = st < Ponet =X+ S Sy 1ttt — Suttg 1 ||+ Y1 — Y] LSl

Yot s ﬁnﬂ
< a1 —xall + %||Sn+1”n+1 = Spttpy1[| + Va1 — '}/n‘w

Putting K := {u, : n > 1}, we know that K is a bounded subset of H;. By the assumption, we get
Y1 SUp i |[Snp1x — Spx|| < eo. In view of
[1Sn+16tn41 = Sttns1]] < sup [[Sn 16— Sux]],
xeK

we have

Z HSn+lun+l _Snun+1|| < oo,

n=1

Therefore,

v =vall <y 2518 (onir) = uF |+ 1% 118 (on) = E vl + s 3l
< 218 (1) = BFYnet ||+ 125 185 (o) — 1y + a1 — |
_1a'b;1+1||5f(xn+1) ,qun+1H+1 18 Con) = HE Y|+ X041 — ]

+C ISn+1tnr1 — Snttns1 || + [ Y1 — | 1 =S| unH

which immediately yields

[vner = vall = [ner = xall - < 725518 (nsr) — wFyura [l + 725 18 (xa) — wFyl|

+c”Sn+1un+1 = Spttps1 || + | Yor1 — ‘M
It follows that limsup,,_,,(||[vn+1 — val| = [[¥nt1 —xn||) < 0. An application of Lemma 1.4 yields that
lim [|v, — x| = 0. 2.4)
n—roo

Since
X011 = Xal] = [[Yaxn + (1 = Y) v — [YuXn + (1 = Y)Xa] | = (1 — ) |V — x|,
we conclude from (2.4) that
lim ||x,+1 —x,]| =0, (2.5)
n—ro0
SO are

lim ||uyr1 —uy|| =0 and lim ||y,41 —ya| = 0. (2.6)
n—yeo n—yeo
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Set f, = 8 f(x,) — UFy, for all n > 1. For any p € Q, we observe that

Hxn+l —PH2 = Han6f(xn) +ann + (1 _Bn))’n — o UFyy, —PH2
= || fn + Baxn + (1 = Bu)yn — Bup — (1 _ﬁn>pH2

< ”Bn(xn —P) + (1 - Bn)(yn _p)||2 +2<anfn7xn+l _p> 2.7
< Bulln =PI + (1 =By = PII* = Ba(1 = Ba) 0 — yall®
+ 20| fullllns1 = pli
< Ballxn = pI + (1= Ba) ya — pII* + 200,02,
where M = max{sup,,~ || fx||,sup,> [|x, — p[|}. Substituting (2.3) into (2.7), we obtain that
X1 = pI* < Bullxa = pI1> + (1= B)[llun — pII> + V(LY — I)H(sz — DAuy|*] + 20, M?
< |l = pI> = ¥(1 = Ba) (1 = LN (J* = 1) Auy|* +20,M>.
Therefore,
Y(1=B)(1=LY(U3* = DAwa|> < |lxn = plI* = lxas1 = pl|> + 205>
< ([ben = Pl + 21 = pID 6w = X1 || + 2062,
From conditions (1), (2), and (2.5), we get
. B, _
lim [[(/22 1) Auy | = 0. 238)
Since Jf‘ is firmly nonexpansive mapping, we conclude from inequality (2.2) that
Hyn _p”Z S <yn _Pvun'i‘YA*(sz _I)Aun —P>
= 3 {lyn = pIP + llutn +vA*(J5? = DAuy — pl* = llyn —p
[ty + YA (I — DA, — p]|*}
< 3 {llyn =PI+l = P17 =757 = DAwg|* + A" (T — DAuy |
_Hyn — Uy — ’}/A*(J}lfz _I)AMVZHZ}
= 3 {lyn = pIP + lletn = p 11> = A (72 = DAun| > + VA" (J5? — D Aun |*
~[lyn = un|* = PIA* (T2 = DAwa > + 27— tn, A*(J3* = 1) Auy) }
< 5l = PIP + 1w = pIP = 1y = wall® + 2 =, A*(J3* — 1) Auy) }
B
< 3 {Uyn = pIP + lluw = pIP = 1y = w1 + 27 A = ) |17 = DA}
Hence, we obtain
1y =PI < lletn = pII* = 10— ttal|* + 27| A G — 1) [ (52 = DAwy . (2.9)

Substituting (2.9) into (2.7), one concludes that
a1 = pI* < Ballxa —plI7+ (1= Ba) [l — plI* = llyn — ual?
+2Y[[A (v — ) [[1(J5> — D Au ] + 206,42
< [|xn _p||2 — (1= Bu)llyn — un”z
+2y(1 = B) [A (v — ) || (732 = DAuy | +206,M7,
So,

(1=Ba)[ya _”nH2 < (2w = Pl 4 l1X0s1 = Pl X0 — Xng 1]
+27(1 = B IAGn — un) 1| (/32 — 1) Auty || +206,M>.
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From conditions (1), (2), (2.5), and (2.8), we obtain that lim,,_,e ||y, — #,|| = 0. Since each S, is a pseu-
docontractive mapping, we have

lttn = plI> = (Y(xa = ) + (1 = %) (Suttn — p), ta — p)
= '}’n<xn —p,up—p)+ (1 _Yn)<Snun_Pa”n_p>
< YalXn — pyttn — p) + (1= ) || n _sz’

which immediately leads to

xn_pa”n_p>

ln = pII> <A
_1
=2

5loen =PI + lltw — plI* = lloen — 1]
Hence,
1y =PI < Nl = pII* < llxn = pIIP = [0 — ua %,
which, together with (2.7), yields
Hanrl _sz < ﬁonn _pHZ + (1 _ﬁn)H)’n _PH2 - ﬁn(l - ﬁn)Hxn _ynH2 +2O‘nM2

< Bullxa = pI> + (1= Bu) [lben = pIIP = [l — wtall*] = Bu(1 = Bu) 6w = yull® + 204 M>
= [l = pII? = (1= Bu) 6w — anl|* = Bu (1 = Bu) [bxn — ya | +200M.

This implies that

(1= B)lxn — un”2 + B (1 - Bn)”xn _yn”2

< =PI = [Pxas1 = plI* +206,M

< ([ = Pl + w1 = pID %0 — X1 1|+ 206,M.
From conditions (1), (2), and (2.5), we get

lim [|Jx, —u,]| =0 and  lim [|}x, -y, [ =0. 2.10)
Noticing that ||u, — x,|| = (1 — %) |Suttn — xu|| = (1 —d)||Snttn — x|
(260 = S|l < [[%n — Sntan| + || Snttn — Spxnl| < [0 — St || + €|t — x|,
and
[0 = Goxn | < loen — | + [t = Y| + [| Grtn — G| < 2| — | + |1t =y,
we deduce from (2.10) that

lim ||x, — Syup|| =0, lim [|x, —Syx,|| =0 and lim |jx, — Gx,| = 0. (2.11)
n—soo n—so0 n—soo

Next, we claim that ||x,, — Sx, || — 0 as n — oo, where S := (21 —S)~!. First, let us show that S : H; —
H, is pseudocontractive and ¢-Lipschitzian such that lim,,_,e ||Sx,, — x,,|| = 0, where Sx = lim,,—,c0 SpX,
Vx € H;. Observe that, for all x,y € Hy, lim,_,c ||S,x — Sx|| = 0 and lim,, . || S,y — Sy|| = 0. Since each
S, is pseudocontractive, we get

(Sx—Sy,x—y) = nli_{?o<snx_ Spy,x—y) < ||x_yH2'
This means that S is pseudocontractive. Because {S, };_, is (-uniformly Lipschitzian on H;, we have

= 8y = lim [|Syr— S,y < Cllx—y]l, Vv € H.
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This means that S is ¢-Lipschitzian. Taking into account the boundedness of {x,} and putting K =
conv{x, :n > 1} (the closed convex hull of the set {x,, : n > 1}), we have Y| sup,cx ||Snx — Spt1x]| < 0.
Hence, by Lemma 1.5, we get lim,,_,o. SUp,c ||Snx — Sx|| = 0, which immediately yields

1im || S, — S| = 0. (2.12)
n—oo
Combining (2.11) with (2.12) we have ||x, — Sx, || < [[xn — Spxal| + [|Suxn — Sxu|| — 0 as n — oo, that is,
lim ||, — Sx, || = 0. (2.13)
n—oo

Define S := (21 —S)~!. Then S : H; — H; is nonexpansive with Fix(S) = Fix(S) = N, Fix(S,) and
lim,, e ||, — Sx,,|| = 0. Indeed, put S := (21 — S)~!, where [ is the identity mapping of H;. Then it is
known that S is nonexpansive and Fix(S) = Fix(S) = (;r_, Fix(S,) as a consequence of [15, Theorem 6].
From (2.13), it follows that

P 771 p—
Ity — Sxn|| = 1|SS xn — S|
<15 2 —
= ||(2I = 8)xp — xu|| = [[xn — Sxn|] = 0 (n — ).

That is,
lim ||x, — Sx,|| = 0. (2.14)
n—so0

Next, we claim that limsup,,_,.((6 f — uF)z,x, —z) < 0, where z = Po(z — uFz+ 8f(z)). For any
X,y € Hy, we conclude from Lemma 1.2 that

[Pa(l = uF 48 f)x—Po(l — uF + 6 1)yl
<O[f ) = SO+ [ = wF)x— (I = uF)y||
<Slx—y+ 1= 1) -yl
=[1=(z=9)][lx—yll,

which implies that Po(I — uF + 8 f) is a contractive mapping. Banach’s Contraction Mapping Principle
tells us that Po(I — uF + & f) has a unique fixed point, say z € H, that is, z = Po(z — uFz+ 6 f(2)).
Since {x,} is a bounded sequence in H;, without loss of generality, we may choose a subsequence {x,, }
of {x,} such that

limSUP<(5f—ﬂF)Z,xn—Z> = lim<(5f—[,LF)z,xni _Z>' (215)

n—oo 100
Since {x,, } is bounded, there exists a subsequence {Xn;j} of {x,,} which converges weakly to w. Without
loss of generality, we may assume that x,, — w. Thus, in terms of Lemma 1.6, (2.14) and the nonexpan-
sivity of S, we obtain that w € Fix(S) = Fix(S) = (;r_, Fix(S,). In addition, according to Lemma 1.6,
(2.11) and the nonexpansivity of G, we have that w € Fix(G) (due to Lemma 1.3). Consequently, we get
w € Q. Since z = Po(z— UFz+ 8 f(z)) and w € Q, we deduce that
limsup{(8f — uF)z, 2, —z) = m{(8f — uF)z, %, —2)

A = ((8f — WF)z,w—2) (2.16)
(2= uFz+8f(z)) —z,w—2)
0.

IA
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Finally, we claim that x,, — z and u, — z as n — co. From Lemma 1.3, we have

a1 —2l* = {(8f — HF)z X4t —2) + Baldn — 2, X041 —2)
+([(1 = Ba)l — aupt Flyn — [(1 = Bu)I — 0wt Flz, X1 — 2)
< 0 {(8f — UF)Z,Xn 1 —2) + BalXn — 2, X011 —2)
+(1 =B — 06T lyn — 2/l |41 — 2|
< 0 ((8f = 1F)zXn1 —2) + 3 B[00 — 2> + %01 —2?)
+(1 =B — ) [0 — 2]l | xn41 — ]|
<0 {(8f = WF)zXni1 —2) + 5 (1= 0 T) ([[x — 2> + [Past —2[1%).

This immediately implies that

2w =zl < 20((8f — wF)z %m0 —2) + (1= 0 T) ([lxw — 2] + w1 — 2lI)
=206((8f = 1F)z, X1 —2) + (1 = @) 0 — 2> + (1 = &) 51 — 2]
<20, ((8f = HF)z,Xn 11 —2) + (1 = ) bxn — 2| + [lxs1 — 2%,

that is,
st =2l < (1= 0 7) |30 — 2l|* + 206 ((8.f = 1F)2, %011 — 2).

From condition (2), (3.32), and Lemma 1.7, we see that lim,,_,. ||x, — z|| = 0. This completes the proof.
]

Remark 2.1. Comparing Theorem 2.1 with [18, Theorem 3.1], we have the following points. (1) Our
algorithm, which is based on the Mann implicit iteration method, viscosity approximation method, and
hybrid steepest-descent method, is more more subtle than algorithm 3.2 in [18, Theorem 3.1] because
our algorithm involves the predictor-corrector for finding a common fixed point of a countable family
of (-uniformly Lipschitzian pseudocontractive mappings {S;}? ,, that is, the implicit iterative step u, =
YXn + (1 — %)S,uuy, is the predictor one for finding their common fixed points. SVIP (1.2)-(1.3) with
a HVI constraint for a countable family of nonexpansive mappings in Theorem [18, Theorem 3.1] is
extended to a countable family of /-uniformly Lipschitzian pseudocontractive mappings, which is an
essential difference between two HVI constraints.
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